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Comparison of the Physical Optics and Small
Slope Theories for Polarimetric Thermal

Emission From the Sea Surface

Joel T. Johnson

Abstract—A comparison of the physical optics and small slope theories
of emission from the sea surface is described. It is shown that the two theo-
ries produce identical results for “long wave” contributions to sea emission
azimuthal variations up to third order in long wave surface slope when
shadowing effects are neglected.

Index Terms—Passive remote sensing, radiometry, rough surface scat-
tering, thermal emission.

I. INTRODUCTION

Recent experimental and theoretical studies have demonstrated the
utility of polarimetric techniques in microwave passive remote sensing
of ocean wind speed and direction [1]–[3]. The success of these studies
has resulted in plans for a polarimetric radiometer to be included in the
National Polar Orbiting Environmental Satellite System (NPOESS) se-
ries of satellites [4]. Analytical and numerical models for the calcula-
tion of ocean surface polarimetric thermal emission have also been de-
veloped, primarily through application of standard surface scattering
approximate methods to calculate surface emissivity using Kirchhoff’s
law. Models based on the small perturbation method (SPM) [5], [6], a
two-scale approach [7] and on the physical optics (PO) approximation
[8] have been presented, as well as some limited numerical studies of
short gravity/capillary wave emission with the method of moments [9].
Reference [10] has further revealed that use of the SPM for emission
calculations results in a small slope, rather than small height, emission
approximation, so that the SPM can provide accurate emission predic-
tions even for surfaces with large heights in terms of the electromag-
netic wavelength. Further studies with the SSA have been reported in
[11]–[15].

Because the SSA captures emission contributions from sea surface
waves with small slopes but arbitrary wavelengths relative to the elec-
tromagnetic wavelength �, while PO theories should model emission
contributions accurately only for sea wavelengths much greater than
�, a comparison of these theories for long wave contributions can pro-
vide information about both approximations. Particular attention in the
comparison is given to the zeroth, first, second, and third azimuthal har-
monic coefficients T (i)

 ; i = 0, 1, 2, 3 for the four polarimetric bright-
ness temperatures ( = h; v; U and V ) as defined in [11].

II. PHYSICAL OPTICS EMISSION THEORY

Several studies applying optical type theories to the prediction of
emission from a rough surface at both microwave and optical frequen-
cies have been reported [8], [16]–[24]. The work of [16] computes
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emissivity as one minus an integral over the upper hemisphere of stan-
dard rough surface far-field geometrical optics bistatic scattering coef-
ficients. It is shown in [17] that this integration can be transformed into
an integration over the surface slope probability density function (pdf);
this form is reported by other authors [18]–[22]. Results of an identical
form are also obtained by computing reflected powers directly on the
surface with direct-plus-reflected surface currents [9], [23]. It should
also be noted that the two-scale theory [7] reduces to an optical theory
if the spectrum of short scale waves is set to zero.

The distinction between these references lies in the method used to
treat shadowing and multiple scattering effects. Defining the z direction
as pointing from the mean surface plane into free space, the effects
considered include

• incidence shadowing (local incident angle from radiometer to sur-
face facet is greater than 90�) [7], [8], [19]–[23]

• “Stogryn” shadowing (specular reflection of ray from radiometer
to facet has a negative z component) [8], [16], [17], [21]–[24]

• “pdf scaling” (use of modified slope pdfs for approximate inclu-
sion of shadowing effects) [20]–[23]

• multiple scattering contributions (Monte Carlo simulation up to
third order) [8]

The relative importance of these effects generally increases both with
the roughness of the surface and with the observation angle.

Emissivities can also be obtained by computing the total power trans-
mitted into the sea medium; if power conservation is satisfied, results
are identical to those computed from one minus the reflectivity. The
shadowing effects above can be defined similarly and included when
computing transmitted powers. However, [17] shows that optical emis-
sion theories do not conserve power if any shadowing effects are in-
cluded and brightness temperatures become ambiguous. To avoid this
problem, no shadowing or multiple scattering effects are included in
the studies of this paper. However, it should be expected that the ac-
curacy of optical emission models will degrade when any of the above
shadowing or multiple scattering effects are significant.

The physical optics expression for the brightness temperature of a
rough surface with physical temperature Ts is then
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where �i is the radiometer incidence angle and

k̂i =x̂ sin �i � ẑ cos �i (2)

ĥi =ŷ (3)

v̂i =� x̂ cos �i � ẑ sin �i (4)

are unit vectors along the radiometer look direction and in the hori-
zontal and vertical polarization directions, respectively. The h�i nota-
tion above refers to an average over the surface slope pdf, f(�; �),
where � and � are the surface slopes along and perpendicular to the
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horizontal projection of the radiometer look direction, respectively. The
upward pointing normal vector for a given surface “facet” is then

n̂ =
1

1 + �2 + �2
(ẑ � x̂�� ŷ�) : (5)

The Fresnel reflection coefficients Rh and Rv for a surface with com-
plex relative permittivity � are calculated at the local incidence angle
�l, determined from cos �l = �n̂ � k̂i. Note there is no frequency
dependence in (1) aside from variations in surface permittivity with
frequency, as should be expected for an optical theory. The final PO
brightness temperatures can be rewritten including the integration over
the slope pdf as

T = Ts

1

�1

d�
1

�1

d� g
PO
 (�; �)f(�; �) (6)

where gPO
 (�; �) is defined as the product inside the ensemble average

in (1) and remains a function of the radiometer observation angle and
the surface permittivity.

III. SMALL SLOPE APPROXIMATION

The small slope approximation expresses the change in flat surface
brightness temperatures due to surface roughness as a series of terms
in surface “quasislope” [10]. The first correction is at second order and
the number of terms required in the series generally is expected to in-
crease with both the surface slope and the observation angle. As de-
scribed in [5], [10], and [11], the second-order small slope approxima-
tion expresses the change in flat surface brightness temperatures due to
surface roughness effects as an integration over the surface directional
spectrum W (kx; ky)

�T
(2)
 = �Ts dkx dky W (kx; ky) g

(2)
 (kx; ky) (7)

where g
(2)
 is a “weighting function” obtained from the second-order

SSA theory. To obtain emission contributions from surface waves with
wavelengths much greater than �, the weighting function can be ex-
panded in a Taylor series about the origin
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where the additional subscripts indicate derivatives evaluated at the
origin. The zeroth order term in this series is found to vanish and the
first-order terms produce no emission contributions since the direc-
tional spectrum can have no first moments. Third and higher odd order
terms also produce no contributions, while fourth and higher even order
terms produce contributions which can be related to second moments
involving higher derivatives of the surface. Second-order terms produce
the dominant contributions, with results expressed in terms of surface
slope variances and correlations:
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where the upper row applies for linear polarized brightnesses and the
lower row for the correlation brightnesses; this separation is possible
due to the weighting function symmetry properties discussed in [11].
For convenience, the quantities hS2

xi and hS2
yi are defined as the sur-

face slope variances along or perpendicular to the radiometer look di-
rection, respectively, so that weighting functions are evaluated with ra-
diometer azimuth angle �i = 0. If the surface up-wind and cross-wind
slope variances are defined as hS2

ui and hS2
c i, then for a radiometer ob-

serving at angle �i with respect to the up-wind direction:
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The azimuthal dependence of second order long wave emission contri-
butions can then be explicitly written as
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The h;i functions defined in the previous equations are the long wave
functions of [11] and depend only on the incidence angle �i and the
surface relative complex permittivity �. The index i indicates the emis-
sion azimuthal harmonic obtained. Surface properties are completely
described in the above limit by the up- and cross-wind slope vari-
ances alone, independent of the detailed functional form of the spec-
trum W (kx; ky).

The third-order SSA [13]–[15] produces an additional correction for
non-Gaussian random processes expressed in terms of an integral over
the sea surface bispectrum �(kx; ky; k

0
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0

y) [15]
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Performing a similar Taylor expansion of the third-order weighting
function and utilizing integral relationships between the bispectrum
and third moments of surface slope [15] again produces a dominant
contribution involving moments of the surface slope (see (15), shown
at the bottom of the page). For a sea surface with only the hS3

ui and
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hSuS
2
c i third moments (as in the sea surface slope pdf of [25]), these

quantities are

S
3
x =

3

4
S
3
u + SuS

2
c cos�i

+
1

4
S
3
u � 3 SuS

2
c cos 3�i (16)

S
2
xSy =�

1

4
S
3
u + SuS

2
c sin�i

�
1

4
S
3
u � 3 SuS

2
c sin 3�i (17)

SxS
2
y =

1

4
S
3
u + SuS

2
c cos�i

�
1

4
S
3
u � 3 SuS

2
c cos 3�i (18)

S
3
y =�

3

4
S
3
u + SuS

2
c sin�i

+
1

4
S
3
u � 3 SuS

2
c sin 3�i: (19)

The azimuthal dependence of third order long wave contributions can
then be explicitly written as shown in (20)–(21) at the bottom of the
page, where S3

1 = hS3
ui + hSuS

2
c i, S

3
2 = hS3

ui � 3hSuS
2
c i and the

derivatives are evaluated at (kx; ky; k0

x; k
0

y) = (0; 0; 0; 0). This ex-
pansion describes azimuthal variations more explicitly than the long
wave expansion of [15], in which only the up/down wind difference
of brightness temperatures was considered. Again long wave first and
third azimuthal harmonics are described by the functions h;1 and h;3
which depend only on the incidence angle and the surface permittivity.
Surface properties are described completely by the S3

1 and S3
2 quanti-

ties which are related to the slope third moments hS3
ui and hSuS2

c i and
which model surface horizontal skewness effects.

IV. COMPARISON OF THEORIES

The form of the SSA results suggests that an expansion of the kernel
of the PO integral in a slope power series
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where the additional subscripts indicate derivatives evaluated at the
origin, should generate a useful comparison. Such an expansion has
been demonstrated for nonpolarimetric brightness temperatures in [10],
[18], and [23]. The first term in the series produces the brightness tem-
perature of a flat surface while higher order terms in the series pro-
duce corrections to the flat surface brightness temperature involving
moments of the surface slope. Because the sea surface should have no
average up-wind or cross-wind slopes, the first-order terms above are
zero and the first contribution comes from the second-order terms
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The separation for the linear and correlation brightnesses occurs due to
symmetry properties of the weighting functions. If the slope variances
are again rewritten in terms of the up-wind and cross-wind slope vari-
ances, the azimuthal dependence becomes explicit
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Following similar steps, the final result for third-order contributions is
shown in (25)–(26) at the bottom of the page.

Both the second-order [(13) and (24)] and third-order [(21) and (26)]
SSA and PO theories obtain identical forms for long-wave contribu-
tions. Identical predictions will be obtained if the long wave func-
tions h;i and hPO;i are identical. While the complexity of these func-
tions makes an analytical comparison difficult, the fact that the long
wave functions depend only on observation angle and surface rela-
tive permittivity allows comparisons to be made through simple plots
versus observation angle. Figs. 1–3 compare the long wave functions
h;i(�i; �) (lines) and hPO;i (�i; �) (symbols) for i = 0 to 3 in h, v and
U polarizations, respectively, for a surface with relative permittivity
� = 29:04 + i35:55 (approximate value for sea water at 19.35 GHz
[26]). The curves illustrated show the long wave functions to be iden-
tical; differences between the curves plotted were within the precision
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Fig. 1. Horizontal polarization long wave functions h (� ; �) and
h (� ; �).

Fig. 2. Vertical polarization long wave functions h (� ; �) and h (� ; �).

of the calculations. No fourth Stokes’ parameter curves are illustrated,
as both theories predict long wave contributions to this term to be neg-
ligible. Similar agreement is obtained with other values of the surface
relative permittivity.

Figs. 1–3 show the relative importance of long wave contributions
to differing azimuthal harmonics to vary according to the polarization
and incidence angle considered. Emission brightness temperature har-
monics are obtained simply by multipying the long wave functions of
the figures by�Ts ~S2 and�Ts ~S3 for even and odd harmonics, respec-
tively, where ~S

2 and ~S
3 are appropriate slope moments as defined as

in (24) and (26). The variation of these harmonics versus observation
angle is therefore independent of surface properties and captured by
the curves illustrated. First harmonic long wave functions are seen to
be less significant in horizontal polarization than in the other polariza-
tions. Odd harmonic long wave functions show a general increasing
trend in amplitude with the observation angle (with the exception of
the first harmonic for horizontal polarization), while second harmonic
long wave functions show a zero crossing as the observation angle in-
creases. Relationships between the amplitudes of emission harmonics

Fig. 3. U polarization long wave functions h (� ; �) and h (� ; �).

for a given polarization will depend on relationships between slope mo-
ments; results illustrating long-wave contributions for given sea spec-
tral models are provided in [15].

V. CONCLUSIONS

The results of this paper confirm that the small slope and physical
optics emission theories produce identical predictions up to third
order in surface slope for long wave contributions to emission
azimuthal harmonics when shadowing and multiple scattering effects
are neglected in the physical optics calculations. This conclusion is
independent of the surface spectral model used in the small slope
theory and the surface slope probability density function used in
the optical theory. Since the two-scale theory also obtains long
wave contributions from an optical theory, all current theories are
in agreement on the basic form for these contributions. It is not
unreasonable to expect that SSA theories to fourth or higher order in
surface slope could continue to match the physical optics theory for
long wave contributions; such agreement would suggest that the PO
method without shadowing should be applied to compute long wave
contributions when shadowing and multiple scattering effects are not
significant. However, the higher even order terms from the second
order SSA expansion in (8) will capture contributions from surface
curvature and higher order derivative moments that are not included
in the PO theory; the distinction between knowledge of the directional
spectrum of a random process versus knowledge of the single point
slope probability density function clarifies that the PO theory is a local
approximation only, while the SSA includes some nonlocal effects.
The SSA theory also can include contributions from surface features
on the order of or shorter than the electromagnetic wavelength when
the complete SSA integral expressions are applied and can potentially
capture shadowing and multiple scattering contributions accurately if
a sufficient number of terms in the SSA series is used.
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