EE 311 - Lecture 17

. Calculus and coordinate systems
. Cartesian system
. Cylindrical system

. Spherical system

Di®erentials in an OCS

2 We will be interested in small vector length changes:

| = lﬁ(hldu1)+ Lj?(hszg) + Lh(h:gdu;g)

q
which has magnitudejdlj =  (hiduy)? + ( hodup)? + ( hadus)?

2 A di®erential volume can be written asdv = hih,hzdu;du,dus

2 A di®erential area along a surface which has vectodl as its
normal can be written asds; = h,hsdu,dus

2 Similarly, di®erential areas along surfaces withf2 or U3 as
normals areds, = h;hszdu;dus and dsz = hih,du;du,

2 We'll write speci ¢ examples of these as we go...

Calculus and Coordinate systems

In electromagnetics, we will often need to perform integrals
along lines, over surfaces, or throughout volumes

These will require us to specify small changes in lengths, ass,
or volumes in terms of our OCS coordinates

In Cartesian coordinates this is easy because all coordinas ,
y, and z) are lengths

However, in many OCS's, some of the coordinates are angles
and not lengths, so we have to multiply these coordinates by
factors to convert them into lengths before they can be usedn
line, surface, or volume integrals

Consider our general OCS, with coordinatesul, u2, and u3

Vector surface area
In many cases, we will be interested in the amount of a vector
°owing through a surface

This will require de ning a vector ds as a di®erential area
times a unit vector normal to the surface

The unit normal vector is usually chosen to be outward
pointing for a closed surface

Then A ¢ds gives us the normal component ofA at a point on
the surface times a di®erential area. This can then be
integrated over the surface area to get the total amount ofA
\going out" of tpe surface.

- —f—-— —_— > >

T Imaginary
spherical
surface
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Cartesian system

Coordinates in a Cartesian system areX;y;z), and all are real
lengths. These numbers refer to the minimum distances of
planes parallel to theyz, xz, and xy planes from the origin.
Intersection of these three surfaces locates the pointxy; z)

Unit vectors are R, §, and 2, pointing in directions of increasing
X, Y, or z coordinates respectively. Note all are constant
thoughout space

R £ ¢ =% and so on as speci ed previously

In all OCS's, a vector from the origin to a point P is de ned as
Tp, a \position vector for point P". In Cartesian coordinates
for P =(X1;Y1;21), Tp = XX1 +4y1 + 221

An arbitrary vector is written as A = XA, + YAy + 2A;, and
dot and cross products follow rules previously given

Geometry of previous example

z
A
Z2
T _ P, y1, z1)
s S Ri> __w 1 P2(Xz, V2, 22)
R4 R2>
Ie) }:1 ){2 y

Cartesian system and example

2 A general small vector can be written asdl = &dx + 4dy + Zdz,
dv = dx dy dz, ds, = dy dz, etc.
Example: Point P is at coodinates k = 1;y =3;z =4). Point Q is
at coordinates (x = 2;y =5;z = 6). Find a vector rpg from point
P to point Q.
Solution:

2 First "nd position vectors from the origin to points P and Q.
{ Position vector rp = X + 34 +4%2
{ Position vector Fg = 2% +5% + 6%

2 A vector from P to Q can be seen to berg i Tp since
fp +(Tqi Tp)= Tg by the head to tail rule

2 Thus our vector Tpg = Tg j Tp Which is 3 .
(2R +59+62) (R+3y+4%)or=Xx+2y+2%2 or 3 Y22
if we separate magnitude and direction

Another Cartesian example

A chest 1 m wide by Q5 m thick by 0:25 m deep is Tled with a
material whose mass density increases exponentially as we get
deeper in the box, according to

L= ei 0:1z

where Yis the mass density inkg=m® and z = 0 is the top of the
box. What is the total mass of material in the box?



Solution

To get the total mass we need to add up all the density times the
volume throughout the box | this is a volume integral!

Z2Z7Z2Z7Z ZZ7Z2Z
dav ¥= dx dy dz %
in Cartesian coordinates.
z 0:25m z 0:5m z om z om
dx dy dz € %17 = (0:5) dz e
i 0:25m i 0:5m i 0:25m i 0:25m

i R i e ©
=(0:5) ' 106 7 20 405 =i 5 1j €%
which is 0:13 kg!

Note we had to integrate here because the mass density was not
constant (i.e. total mass 6 %4times total volume!)

Vectors in cylindrical coordinates

2 There are three unit vectors and each corresponds to a
coordinate: 1 A, and 2

2 These are de ned so thatr’t A= 4%, and so on; Notez'is the
same as in Cartesian coordinates

2 fat point P points in the direction of increasingr, that is,
along a line between the origin and the projection of pointP
into the xy plane; only hasx*and ¥ components

2 A at point P points in the direction of increasing A; also only
has xX* and y components and is perpendicular tor”

Cylindrical system

2 In cylindrical coordinates, we locate points at the intersection
of a cylinder and two planes. The cylinder's axis is the z axis
one of the planes is parallel to thexy plane, and the other
plane is the xz plane rotated by angle A about the z axis

2 Resulting coordinates are ¢ A;z), wherer is the radius of the
cylinder, A is the xz plane rotation angle, and z is the distance
of the plane parallel to the xy plane from the origin

2 Note here that r and z are lengths, but A is an angle
dzt\\{:\\\\ ds, = 2r dr df

A
dss =f drdz

dv =rdrd dz

ds =1 rdf dz

Facts about cylindrical vectors

2 Based on these de nitions, a position vector to point
P =(r;A;2) in cylindrical coordinates (remember a position
vector is a vector from the origin to point P) is always
Fp = rf+ z2 regardless of the value ofdl

2 How can this be true? The above equation says the position
vector to points at di®erent A's is the same!

2 Reason: (VERY IMPORTANT) /r and A are not constant in
space! Note they change direction depending on the point at
which they are de ned

2 Thus, for example, ""de ned at point P is not necessarily the
same asrde ned at point Q!

2 For this reason, if you ever sea %r A inside an integral, replace
them with their Cartesian representations: "= X cosA+ 4 sinA,
A= ®sinA+ %y cosA
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Cylindrical vectors and di®erentials
The Cartesian representations ofr"and A can be found by
looking at the geometry in the xy plane

Integrals can then be done, becausg and ¥ DO NOT VARY
in space and can therefore be factored out of integrals

Non-constant unit vectors are somewhat confusing, but in

Cylindrical example

Paint is distributed over the surface of a cylinder with radius 2 m
and length 3 m in an unusual way, such that the mass of paint per
unit area is given by cog A kg=n?. Find the total mass of paint on
the cylinder.

many cases they are useful for describing physical problems
because the quantities we are interested in point only for
example cylindrically outward (i.e. in the 4 direction, with %
varying in space)

2 To integrate over the volume of a cylinder, usedv = r dr dA dz;
to integrate over the surface of a cylinder usels; = r dA dz.
To integrate over a circle useds, = r dA dr
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Solution

We want to nd the total mass of paint on the surface of the
cylinder, so we need to perform an integral over the surfacefahe
cylinder. In cylindrical coordinates, a cylinder (aligned with the z
axis) is normal to * everywhere, so we are talking about an integral
ds; = r dA dz. We can write the total mass of paint as

zZZz z 3m z 2Y4

ds; YBaint = dz dA Maint
om 0
z 3m z 2Y, z 2Y,

= dA(2m)cos A=6 dA cog A
Om 0 0

Z 5, .
L +
—5 dA 1+cos?A
0 2
which is 6%kg!
Cylindrical coordinates will be useful for problems that involve

circles or cylinders (note a line is a cylinder with radius 0)
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I\VV. Spherical coordinate system

In spherical coordinates, our 3 surfaces are a sphere, a cgne
and a plane: the sphere is centered on the origin & has radiuR

The cone is aligned with the z axis, has its tip on the origin,
and opens at half-anglep

The plane is the xz plane rotated about the z axis by angleA

Coordinates of a pointP are (R; p;ZA). R is a length while p

and A are angles
Rsinq df

dv=RZsinq dR d df

16



Vectors in spherical coordinates

2 The three unit vectors are R, (i and A.
2 Arranged so that R £ {i= A etc

2 R at point P is a unit vector in the direction of a line from the
origin outward to point P

2 (lat point P is a unit vector in the direction of increasing p at
point P

2 A at point P is a unit vector in the direction of increasing A at
point P (note only has X and y components)

2 A position vector in spherical coordinates at point
P =(R;u; A is alwaysTe = RR regardless ofu and A
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Spherical coordinate example

Calculate the volume of a sphere of radiuRy meters.
Solution: Clearly this will involve a volume integral, with t he total
volume given by 777

V = dv

Using our sphericaldv we "nd
22722

V= R?sinp dR du dA
Zy, Loy, AZRO YUz, l

= drR du dAR?sinp=2% dR R? du sinp
0 0 0 0 0

i ¢
= (2Y) 'R3=3 (2) = 4VuR=3
as expected.

Spherical coordinates will be useful in problems involving pheres
(note a point is a sphere with radius zero!)
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Spherical unit vectors and di®erentials

2 |n spherical coordinates, all three unit vectors vary in spae

2 Thus it is wise if you see them in an integral to replace them

with their Cartesian representations:

R = AsinpucosA+ 4 sinusinA+ % cosp
il = %XcospcosA+ 4y cospsinAi 2sinp
A = ®sinA+4cosA

2 To integrate over the volume of a sphere use

dv = R? sinp dR du dA to integrate over the surface of a
sphere usedsg = R? sinp du dA
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EE 311 - Lecture 18

Conversion between systems
Vector integrals
Line integrals

Flux integrals

o M W hoRE

Gradient

20



Conversion between coordinate systems

2 Given the coordinates of a point in one system or the
components of a vector, it is sometimes necessary to convert to
a di®erent coordinate system

2 Converting vectors is more complicated than converting
coordinates, but aside from the conversions oR, {land A or f
and A to Cartesian coordinates mentioned earlier, we will
rarely need to do this

2 We will often need however to convert point coordinates, so &
need to know how to do this

2 Essentially just derive relationships using geometry
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Point coordinate conversion example

Point P is located at coordinates R = 2; u=45%*; A= 45%) in a
spherical coordinate system. Find the Cartesian coordinats of
point P.

Solution: Use the spherical to Cartesian equations:

X = RsinpcosA=2sin45%cos45 =1
y = RsinpsinA=2sin45*sin45 =1
z = Rcosu=2cos45 = P3

soPis(x=1;y=1;z= P 2) in Cartesian coordinates.
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P

oint coordinate conversion equations

For Cartesian to cylindrical:

pP——— )
r= x2+y2 A=tanil(y=x) z=1z

For cylindrical to Cartesian:

X=rcosA y=rsinA z=1z

For Cartesian to spherical:

p
R =

For s

A !
Py

- A=tani!(y=x)

X2+ y2+ 272 p=tani?

pherical to Cartesian:

x = RsinpcosA y= RsinusinA z= Rcosp
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Vector integrals

There are several types of integrals we can imagine involvingector
functions, for example:

[1]

(2]

[3]

[4]

R _
v F dv, which adds up a vector function throughout a volume,
including directions. Result is a vector.

R _
¢ V dI, which adds up a scalar along a curve C, including
direction of curve. Result is a vector.

R _
¢ F ¢dl, which adds up the component of a vector along the
direction of curve C. Result is a _scalar

R__ __
s A ¢ds, which adds up the normal component of a vector over
surface S. Result is a scalar
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Line integrals

[2] and [3] are both \line integrals”, and require us to speciy (i.e.

Integrating a vector through a volume know the equation of) the curve C that we are integrating over

R _
Example of [2]: nd . VdI with V = xy over two di®erent paths
in the xy plane between the origin and the point k = 1;y = 1).

o First path: along the curve y = x3. Second path: upy axis then
Example of [1] with F = % + 24 + 3xy2: over to (1; 1).
z 1 z 2 z 3
dx dy dz(®8+2%+3xy 2)

[1] is easy, just representt in terms of its 3 scalar components
(Cartesian vectors will work best!) and do each individually

Solution: First note in Cartesian coordinates for a path in the xy

0 0 0 plane, dl = Xdx + 4dy
Z, Z, Zj Z, Z, Zj Z, Z, Zj ‘ ‘
=% dx dy dz+2% dx dy dz+32 dx dy dzxy Bl
0 0 0 0 0 0 0 0 0
=6X + 129+ 9% l
0.6
0.4
0.2r
25 0

Integral over path 1

R _ R Integral over path 2
2 We want to perform c, XY dl = c, XY (%dx + 4dy) from (0; 0)

to (1;1) on the curve C; :y = x3 B
2 Path two has two legs: on the rst, x =0 and y varies from 0

R R
2 Note we can't just separate this into one dx and one dy to 1. One the secondy = 1 and x varies from 0 to 1

becausex and y are changing simultaneously as we move along R o R, R,
C, 2 This gives c, XY di=% odyy(0)+% ,dxx(1)
3 .

R ; 1
2 The trick is to re-write this as . xy dx #+4%§ because we ? The answer is thus ;%

know y = x3 on C4, sody = 3x2 dx and thus g_i =3x2 2 Note in this example we got two di®erent answers for the
integral depending which path we chose! This is called a \pah

R
2 Plugging this in we get c, Xy (% + 43x2)dx dependent” integral

1 1
=% , dxxy +3% ;dxx3

— 43 Ry 4 Ry 6
2 Now usey = x°onCy togetr jdxx*+3% jdxx
:%k+%9‘

28
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Example of line integral  [3]

R _ _ _
Find the integral . F ¢dl, where F = xy (% + %) over the same two
paths as in the previous example.

2 Again dl;= dx + 4dy, soF ¢dl = xy (dx + dy)
=xydx 1+
3 d ) R _ __
2 0nCy,y=x%and g =3x? so c, F edi

= Sdx(xy)'1+3x2 = Jdx 'x#+3x8 = L+ 3=

wlN
allny

2 Note we obtain a scalar result in this case!

Ry Ry _ Ry 1
2 On Cy, we have two legs, ;dy (0)+ Jdxxy = Jdxx =3

2 Again this is a path dependent integral
Of these two types of line integrals, we will encounter [3] meh
more often. We will also usually work with line integrals that are

path independent, i.e. the same answer is obtained for an integral
between two points no matter what path is taken
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Normal vectors

A few useful normal vectors:

2 An outward vector normal to a spherical surface (centered on
the origin) is R

2 An outward vector normal to the body of a cylinder (aligned
with the z axis) is

2 An outward normal on the top \end cap" of a cylinder is Z
2 An outward normal on the bottom \end cap"is j 2

R __ __ R __
Note the °ux integral A ¢ds can also be written as 4 A ¢nds,
where ds is now scalar, to emphasize we are taking the normal
component ofA.

H_ __
For closed surfaces we also sometimes write-S A ¢ds

31

Flux integrals

2 Integral [4] is a \°ux integral" because it adds up the amount
of some vector °owing \through" or \out of" a surface

2 The distinction between \through" and \out of" can be made
because we can think of two types of surfaces: closed or open.
A closed surface completely encloses some volume of space (for
example a cylindrical or spherical surface) while an open
surface does not (for example a plane)

2 For closed surfaces, we take the amount of the vector °owing
\out of" the surface, meaning we add up the outward normal
component of the vector over the surface

2 For an open surface we add up the amount °owing \through"
by choosing either the upward or downward pointing normal to
the surface, and integrating this component of the vector ove
the surface

30

Example of a °ux integral

R _
Find ¢ (% xy) ¢ds, where S is a closed cylindrical surface of radius
3 m and length 2 m. The cylinder is aligned with the z axis, and
the bottom of the cylinder is at z = 0.

2 This °ux integral will have three parts, since we need to do the
integrals over the cylinder body, top, and bottom end caps

2 On the top cap, n =2, on the bottom cap, i = j 2, and on the
cylinder body A = %

2 Note however that the function we are integrating here has no
# component, thus (¢ xy) ¢ds is zero on the top and bottom
end caps

2 Ehe irﬁegral over the body can then be written as

02 dz OZ%EjA (3) (xy % ¢r). Note that we are using
ds; = r dA dz with r = 3 here

2 Now get r* out of the integral! Change = % cosA+ 4 sinA to
nd X ¢r = cos A

32



2 Als USEeX= T cosA, y = rsinAand r = 3 for our cylinder to

get Sdz "dA (3 cosA) (3sin A) (3) cosA

2 This is 27 Ro

5 dz 21/"dA cog AsinA = j 3 cos Aj3" = 0!

A note on symmetry (IMPORTANT):

2 Notice that we co[_léld have realized that we should get 0 for the
previous integral 021/“cos2 AsinA just by thinking about
symmetry properties of the integrand

2 Since cod A between¥iand 2¥%is identical to itself from 0 to ¥4
but sin A becomes the negative of itself over this range, the
integration from 0 to Yaexactly cancels that from Yato 2%

2 Thus we could get 0 as an answer without doing any
integration at all!

2 Thinking about the symmetry of an integral before trying to do
it can simplify things immeasurably
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Figure for Gradient

Surface where V(x,y,z)%VD

#Normal
at point B

Surface where V(x,y,z)f)v
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Gradient

Now we move to talking about derivatives of scalar and vector
functions in 3d space

First let's consider the \derivative" of a scalar function
V (x;y; z) of 3d space. How can we do this?

Start by thinking about a surface (called surface 1) where
V(Xx;y;z) has a constant value, say. If V(X;y;z) is
continuous this should always be construct-able

Now think about a nearby surface (called surface 2) where
V(x;y;z) = Vo +¢ V, a slightly di®erent value

Pick a point P, on surface 1 and follow the normal to surface 1
at this point (call it dn) until surface 2 is intersected. Call the
intersection point P,

We an also consider another pointP3 on surface 2, obtained by
starting at P, and following an arbitrary vector dI until surface
2 is intersected

34

De nition of gradient

Now consider the rate of change oW with distance. We can
choose— or V. It turns out that ‘” V is always < = to %
as ¢V becomes small

This means the shortest distance between surfaces 1 and 2 is
along the normals to surface 1. This makes sense because
moving from surface 1 in a direction that is tangential to
surface 1 does not chang®/

Due to this unique nature of the normal direction, we can
de ne the \gradient" of a scalar function V(x;y;z) as

grad V = ’hz—\; Q)

where jdnj has been replaced bydn.

The gradient thus represents the maximum rate of change oV
(i.e. dn V) times a unit vector in a direction normal to the
surfaces of constantv

36



Properties of gradient

2 The gradient operates on a scalar functionand
produces a vector rate of change

2 grad V is sometimes also written asr V

2 The gradient points in the direction of the maximum rate of
increase ofV

2 \We can use the gradient to "nd the change inV along any
other direction dI as well, by ¢V = r V ¢dl

37

EE 311 - Lecture 19

1. Fundamentals of electrostatics
2. Coulomb's Law

3. Electric Fields

39

Example of gradient

The gradient in our three coordinate systems is
ian: = K@V Qv av
2 Cartesian: r V = %G +% oy 752

2 Cylindrical: rV =4+%Y+ ALQY + »QY

2 Spherical:r V = RZY+ it &Y + At 9%
Example: Find r (x? + y?). Note we take gradient of a scalar!
2 2 2 2 2 2
@ty KBy @t Y)
@x @y @z
= X2X + 42y

r(x*+y?%) =%

Note the answer is a vector! Note also that 2% + 4y)
= 2r (8 cosA+ 4 sinA) = 2rf. This makes sense because surfaces of
constant x2 + y? are cylinders!

38

Fundamentials of electrostatics

2 Electrostatics is the study of electric forces between chages at
rest; electric forces are produced by charges

2 Charge is measured in Coulombs (C) in the MKS system, and
occurs in discrete multiples of the charge on an electron
i 1L6£ 10 1° C

2 Charge can be neither created or destroyed, so the \principg of
conservation of electric charge" always applies
2 \We can de ne a \volume charge density" as

. ¢q
1 = _ 1
&l ‘DlI\WO(FV )

in C=m3, where ¢qis the amount of charge contained in
volume ¢v

2 Since the charge on an electron is very small, we usually regar
%% as a continuous point function of space; can be positive or
negative!
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Surface and line charges

We can also spread charges out over surfaces or lines
A surface charge density has unitsC=m? and is de ned as

. ¢q
1 = R
% c"_?u” oCs )

where ¢s is a small piece of surface area

A line charge density has unitsC=m and is de ned as

¢q
= | —
¢ ¢I|r!no¢l

where ¢| is a small piece of length

(4)

If we want to "nd the total charge, Qi , in a volume containing
a volume charge density, we just integrate over the volume:
Z7ZZ

Qtot = dv % G)

\%

Similarly to get the total charge on a surface, integrate% over
the surface area, or the total charge on a line is obtained by
integrating % over length

41

Coulomb's law and electric elds

Finally in Coulomb's law, the constant k is given by

ﬁ %, 9£ 10° m/F, where 2y = 8:854£ 10 12 F/m is known as

the \permittivity of free space"

We could work out the units of k also by looking at units on
both sides of the equation:N = C2=m?[k], sok must have
units Nm?=C?, same as m/F

Coulomb's law tells us about forces between charges if we kno
their quantities and locations

The concept of anelectric "eld , E, allows us to talk about
electric e®ects by knowing only about one of the charges!

An electric "eld is de ned as:

_ ) Fo.
E= lim -2t 7

Note the units of E are N/C or Volts/m
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Coulomb's law

Coulomb's law describes the force the occurs between two
\point charges"

By point charges we mean that the objects carrying the charge
are very small compared to the distance between the charges

If we call the two chargesq; and @, at points P; and P, the
(vector) force exerted by on @ is

Feo = IQ12|<?Q17202 (6)
12

In this equation, R, is a unit vector from o, to cp, which is a
unit vector in direction Tpoj Tp1
R2, is the distance betweeng and ¢, squared

Note the force isrepulsive if qu and ¢ have the same sign,
while it is attractive if qg and p have opposite signs
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Electric elds
E is thus the force per unit charge experienced by a small
positive test chargegesy when placed inE
E is a vector function of 3d space
Given the denition of E, the force on a stationary chargeq in
an electric "eld is given by F = ¢E

Using Coulomb's law, we can nd the electric “eld at point P,
produced by a point chargeq; at point Py:

= Fel'test Ch
E(Py) = —HL = Rppk—— 8
( 2) Ckest v R%Z ( )

A new way of writing this: "nd "eld at a point whose position
vector is R generated by a point chargeq at position vector R%

q'Ri RO _

ER) = ——=
43 Ri RO®

9)

The "eld points radially outward from a positive charge;
radially inward toward a negative charge
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Example electric eld calculation Principle of Superposition

A 2 nC point charge is located at x =1m, y=1m, z=1m)ina 2 The equations of electrostatics ardinear, which means that
Cartesian coordinate system. Find the electric "eld at the origin they satisfy the principle of superposition

produced by this point charge, and the force on g 1 nC point

. 2 This means that the solution for multiple sources is simply the
charge placed at the origin.

solution for each individual source added together
Solution : Use expression for point charge “eld. Observation point

— 2 Toll i 1
is the origin, soR = 0. The point charge is located at (1;1;1), so For example, the electric eld produced by multiple point

RO=4&+4+% Thus R RO= i ®{ ¢i 2 with magnitude ' 3. _chgrges can _be found by adding the elds produced by each
Thus individual point charge:
2810 °(j Ri Vi 2 1 X oLiﬁ-ﬁ¢
o S _ LR
E(R=0) = TPt (10) Eo = 7, = —= (12)
4% 3 % RiR
= (i 346)R+y+72) (11) for point chargesq at locations R; with i =1 to N
N/C. Note directed away from the positive charge! 2 |f we continue this process for charge distributions ratherthan
Force on thej 1 nC point charge at the origin is a set of point charges, we can arrive at integral expressionfor
gE = | 10 °(j 3:46) (R + 4 + ). Note attractive! the total "eld. We are not convering these computations here
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Basic Laws of Electrostatics

2 Qur study of electrostatics will proceed in terms of electric
“elds only. Fields are useful because only sources, not receirs,
are needed

2 The two basic laws (or \fundamental postulates") of
electrostatics in free space can be expressed in terms of
integrals of E:

| z
o 1
E¢dS=  dv Z/l = Qz‘°‘ (13)
S \ 0
|
E¢di=0 (14)

2 The “rst of these is known as Gauss' Law, while the second
states that the line integral of E around a closed path yields
Zero.

2 Both of these can be derived starting just from our Coulomb's
law de nition of the “eld of a single charge.
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