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by defining general sensing and moving conditions that guarantee that even when the
vehicles’ motion and sensing are highly constrained, they ultimately achieve a stable
emergent distribution. The achieved distribution is optimal in the sense that the propor-
tion of vehicles allocated over each area matches the relative importance of being as-
signed to that area. Based on these conditions, we design a cooperative control scheme

for a multivehicle surveillance problem and show how the vehicles’ maneuvering and
sensing abilities, and the spatial characteristics of the region under surveillance, affect
the desired distribution and the rate at which it is achieved. [DOI: 10.1115/1.2767656]

1 Introduction

Examples of cooperative control scenarios include the distrib-
uted decision-making systems for a network of autonomous ve-
hicles tasked with a search and rescue operation, a surveillance
and attack mission, or a flexible manufacturing system. Resource
allocation concepts lie at the heart of the significant technological
advances in the design, understanding, and operation of such co-
operative control systems. In particular, resource allocation strat-
egies have been used to solve constrained optimization problems
where a group of vehicles must distribute themselves among sev-
eral areas of interest so that a predefined cost function is opti-
mized (e.g., to maximize the probability of finding a target or to
minimize the expected waiting time to service tasks/targets). One
of the main challenges in developing allocation models for coop-
erative control problems is to capture the time-varying, distrib-
uted, and spatially coupled properties, which are inherent to the
group of vehicles and the region being considered. In particular,
the spatially distributed nature of cooperative control problems
implies that allocation algorithms must be distributed across mul-
tiple moving vehicles, and even though these vehicles may only
sense local information about their immediate surroundings, they
must still cooperate in order to accomplish as a group a global
common objective [1]. Furthermore, the presence of uncertainty in
the vehicles’ sensing abilities implies that the information driving
their actions may be inaccurate and perhaps outdated as well. A
vehicle may know the results of its own local actions but may not
know what actions other vehicles should perform. In particular,
when a vehicle gets assigned to an area to perform tasks, the
benefit of assigning all other vehicles to this area generally de-
creases since the same vehicle may usually perform several tasks
in the same vicinity and with relatively little additional cost (i.e.,
generally, the utility of a group of vehicles in an area decreases
with an increasing number of agents). Despite recent progress, the
challenge of how to untangle this space and time dependent “mul-
tivehicle to multiarea (-task)” coupling to provide a high perfor-
mance cooperative behavior, especially in the presence of only
local inaccurate information about the surroundings (e.g., when
the effects of uncertainty noticeably affect the underlying vehicle
dynamics and trajectories), remains an open and important prob-
lem in cooperative control. This is the problem we study here.

Recent studies trying to overcome the effects of uncertainty in
cooperative control scenarios include work on (i) the synchroni-
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zation of information shared between vehicles [2], (ii) the problem
of dynamic reassignment of tasks among vehicles that communi-
cate their information asynchronously and with random finite de-
lays [3], (iii) the problem of assignment of mobile vehicles to
stationary targets in the presence of communication imperfections
[4], (iv) task load balancing approaches to control a group of
vehicles when there are network delays [5], (v) the “persistent
area denial (PAD)” problem where vehicles use both actual and
predicted information about pop-up targets in order to decide
where to move [6,7], and (vi) surveillance problems where ve-
hicles must provide “patrol” coverage for an area significantly
larger than their communication radius [8]. Like in Refs. [6-8],
vehicle allocation models, which allow for spatial uncertainties,
usually assume that different targets may appear in a predefined
region of interest, but at unpredictable locations and random in-
stants of time. They may then remain stationary, move around, or
disappear again after some time. While vehicle allocation models
need to explicitly capture the effects of such uncertainties, coop-
erative control strategies must provide the vehicles with the ability
to appropriately adjust their actions so that they can still exploit
some benefit from cooperation.

Here, we develop vehicle allocation strategies for cooperative
control systems where spatial uncertainties dominate the problem
(e.g., when target pop-up locations cannot be predicted because
they may not depend on past events or where vehicles may have
some prior knowledge about the terrain, but not in a detailed form
as the classical search-theoretic rate of return (ROR) map [9] or
other such maps used in map-based approaches). In particular, we
develop scalable allocation strategies for surveillance, which guar-
antee that despite the effects of uncertainty, a desired vehicle dis-
tribution among several predefined areas of interest is still
achieved (e.g., so that a global common objective can be met),
without significantly constraining the individual decision-making
abilities of the vehicles (e.g., so that vehicle route planing [10]
and receding horizon [11], map-based [12], or other coordination
schemes may still be used by vehicles located within the same
area to benefit from their spatial proximity).

Our approach is inspired by how some animals seem to opti-
mally distribute and reallocate themselves in nature. In particular,
we use a concept from ecology known as the “ideal free distribu-
tion” (IFD) [13] to capture the multivehicle to multiarea coupling
described above. The word “ideal” refers to the assumption that
animals have perfect sensing abilities for simultaneously deter-
mining area “suitability” (assumed to be a correlate of Darwinian
fitness) for all areas and that each animal will move to maximize
its fitness. “Free” indicates that animals can move at no cost and
instantaneously to any area regardless of their current location. If
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an animal perceives one area as more suitable, it moves to this
area in order to increase its own fitness. This movement will,
however, reduce the new area’s suitability, both to itself and other
animals in that area. The IFD is an animal distribution (an optimal
equilibrium point) where no animal can increase its fitness by
unilateral deviation from one area to another (i.e., when the IFD is
achieved, all areas achieve equal suitability levels). Here, we use
the IFD concept to describe a desired vehicle distribution where
the proportioning of the vehicles allocated to each area matches
the importance of being assigned to that area.

For cooperative surveillance scenarios, achieving the IFD im-
plies that vehicles monitor a set of areas so that all areas are
covered uniformly according to their priorities. We let every ve-
hicle have a certain “capacity,” which is assumed to be a correlate
of its “competitive” strength capabilities, its sensing ability (e.g., a
vehicle may have noisy sensors), its maneuvering ability (e.g., its
speed or turn radius), or other vehicular characteristics that affect
the coverage of an area. We allow vehicles to differ in their ca-
pacity and study how differences in their capacities affect the
desired distribution. A description of our earlier work in this area
is provided in Ref. [14].

The main contributions of this paper are as follows. In Sec. 2,
we describe a cooperative surveillance problem and a particular
surveillance scenario where vehicles must distribute themselves
among several predefined areas of interest. In Sec. 3, we develop
a discrete model that captures individual motion dynamics of a
group of vehicles across the different regions. We untangle the
multivehicle to multiarea coupling by establishing a wide class of
cooperative control strategies that will lead to an emergent behav-
ior of the group that is a “type of IFD” (which later, for simplicity,
we will refer to as an IFD). By this, we mean one of many pos-
sible IFD realizations that are, in some sense, close to an IFD that
is achieved under the original assumptions in Ref. [13]. Here, we
must consider a wide class of distributions since the sensing noise
and discretization that quantify the agent capacity both generally
make it impossible to achieve perfect suitability equalization,
which is demanded by the original IFD concept. We show how an
“invariant set” of spatially distributed discrete vehicles can repre-
sent the IFD and use a Lyapunov stability analysis of this set to
illustrate that there is a wide class of resulting vehicle movement
trajectories across the areas that still achieve a desirable distribu-
tion. By achieving the desired distribution, we show a way to
untangle the multiagent to multitask assignment coupling to pro-
vide a good cooperative behavior, even when agents are highly
constrained on what to sense, may only sense noisy quantities, and
differ in their individual capacities (this is the most important and
novel contribution of this paper). Finally, in Sec. 4, we design an
IFD-based cooperative surveillance strategy and present simula-
tion results that illustrate the performance of such a strategy and
the impact of embedded cooperative sensing strategies on achiev-
ing the IFD. As we show for the cooperative surveillance problem,
and unlike in Ref. [15], here, we design individual control laws
that are, in fact, suitable for real implementation in a group of
discrete vehicles that share information over a common commu-
nication network.

2 Cooperative Surveillance Problem

Given a group of networked autonomous vehicles, one of the
main challenges of multivehicle surveillance problems is to ensure
that even when the vehicles’ sensing and maneuvering abilities are
highly constrained, they can nonetheless cooperatively monitor
and track the state of some region they try to cover. Such surveil-
lance missions include, for instance, deploying autonomous ve-
hicles to monitor forest fires, patrol border lines, or suppress ad-
versary targets. They usually require that vehicles persistently
visit different locations in a predefined region of interest and per-
form one or several tasks, once a location is reached (e.g., on a
target located there). While performing these tasks, vehicles may
detect critical changes within their surroundings and must coop-
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eratively adjust their actions to counteract such changes. We now
describe the particular surveillance scenario we consider here.

First, we assume that vehicles may not be able to follow
straight-line trajectories between targets, either because these tra-
jectories are not feasible (e.g., flying or water vehicles usually
require a minimum turn radius) or because they must reach their
targets at certain approach angles (e.g., to obtain sufficient confi-
dence about the successful completion of a task). In particular,
assume that the ith vehicle obeys a Dubins model given by x}
=v cos(#), x,=v sin(¢), and ¢=wu', where x| is its horizontal
position, x5 is its vertical position, v is its (constant) velocity, & is
its orientation, w is its maximum angular velocity, and —1 <u'
=<1 is the steering input. Then, the minimum turn radius imposed
by the dynamics of this model is T=v/w. We assume that vehicles
will either travel on the minimum turning radius or on straight
lines.

Second, we assume that the region under surveillance can be
partitioned into smaller nonoverlapping areas. In particular, we
assume that the region can be divided into N equal-size square
€ X € areas. For example, a fully connected region represents a
region where vehicles can sense and travel to any other area re-
gardless of their current location; a ring is one where the connect-
edness of the areas is characterized by a closed loop (e.g., the
perimeter of a central area); and a line represents a region where
vehicles can sense and move to adjacent neighboring areas but
with limits on each end (e.g., the border of some area). Moreover,
we assume that new targets continually pop up at different points
throughout the entire region to be covered according to some sto-
chastic process. We let R; characterize the (average) rate of ap-
pearance of pop-up targets in area i, and assume it is constant but
unknown to the vehicles. We assume that pop-up target locations
in area i are known only to vehicles currently in i and that they
stay exposed until they are visited by some vehicle. When a ve-
hicle starts approaching a target, the target is considered to be
“attended,” and a vehicle may visit a new target only after the
target being approached has been reached. While a vehicle ap-
proaches a target located in a particular area, it is considered to be
monitoring that area. Once the target is reached, the vehicle may
perform various tasks such as classification, engagement, or veri-
fication of the target, and it is then ignored for the rest of the
mission.

We define the “suitability level” of an area as the (average) rate
of appearance of unattended targets (i.e., targets that have ap-
peared but are not being or have not been attended by any ve-
hicle). Assume that each area can be characterized by a suitability
function and that the suitability function of area i strongly de-
pends on the number of vehicles x; monitoring that area. Figure 1
shows simulation results for two classes of suitability functions
for different intra-area vehicle coordination strategies and target
pop-up rates R;. The left plot assumes that vehicles monitoring the
same area coordinate in order to decide which targets within that
area to attend to (i.e., after a target is reached, a vehicle ap-
proaches the closest target that is not being approached by any
other vehicle). The right plot assumes that vehicles monitoring the
same region do not coordinate and they randomly approach any
target located within the area they are monitoring. Note that an
intra-area coordination strategy leads to a higher rate of targets
being attended by the vehicles and, consequently, to a faster de-
crease in suitability level as the number of vehicles monitoring
that area increases. However, note that coordination gains per ad-
ditional vehicle decrease as the number of vehicles monitoring the
area increases.

Finally, we assume that the goal of a surveillance mission is to
make the proportion of vehicles visiting a set of predefined areas
match the relative importance of monitoring each area. In particu-
lar, a successful surveillance strategy must concentrate more ve-
hicles at areas with higher suitability levels so that vehicles
achieve an emergent distribution across these areas that results in

Transactions of the ASME

Downloaded 03 Jan 2008 to 140.254.87.101. Redistribution subject to ASME license or copyright; see http://www.asme.org/terms/Terms_Use.cfm



05 05
_ 045 0.45
Y
E 04 04
@
o)
= o035 0.35
=
| =
S o3 03
)
c
L o025 0.25
—
C
c
= 02 02
=
T 015 0.15
©
=
5
A o 0.1
0.05 005 - = - st et e
0 : . . L O Il L L 'l L
0 2 4 6 8 10 0 2 4 6 8 10

Number of vehicles x;

Number of vehicles x;

Fig. 1 Suitability functions for an area with ¢=2.5 km and vehicles at speed v=15 m/s; T=100 m with (left) and without (right)
intra-area coordination strategies. Each data point represents 60 simulation runs with varying target pop-up locations. The

error bars are sample standard deviations from the mean.

all areas attaining similar suitabilities (i.e., similar rates of appear-
ance of unattended targets). This vehicle distribution goal must be
achieved in spite of vehicle sensing, communication, and motion
constraints (the combination of which requires a decentralized ve-
hicle guidance strategy, with each vehicle making independent
decisions). In particular, note that due to the stochastic nature of
the problem (for instance, the randomness in the location where
targets appear or in the time instants they are found), and regard-
less of other possible sensing and moving constraints (whether the
region is modeled as a fully connected region, a ring, or a line), no
vehicle can perfectly know the value of the suitability level of any
area, including the ones it is monitoring (e.g., since R; is unknown
to the vehicles for all i=1,...,N). The vehicles only have noisy
perceptions about the suitability levels of the area they are moni-
toring and its adjacent areas. We now develop a model that cap-
tures the dynamics of a group of vehicles deployed in the de-
scribed scenario. We then use this model to define a class of
strategies that guarantees the achievement of the surveillance dis-
tribution goal.

3 Model, Strategy, and Analysis

The model we introduce here is built on a directed graph, so
that the graph topology defines the interconnections between the
various areas within some region of interest (e.g., to characterize
the different types of regions a group of vehicles may try to
cover). Thus, in what follows we refer to areas as “nodes.” The
term “agent” is associated with entities capable of physical motion
such as vehicles, robots, or aircrafts. A common approach in mod-
eling a group behavior is to assume the existence of a large num-
ber of agents. Under such an assumption, the total number of
agents at a node can be adequately represented by a continuous
variable. Such an approach was used in Ref. [15]. Here, we extend
the model in Ref. [15] to allow for a finite number of discrete
agents. As in Ref. [15], we assume that agents may move and
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distribute themselves over N available nodes and let H
={1,...,N}. Moreover, we define the suitability of node i € H as
si(x;), where x; represents the state of node i. However, we do not
require the existence of a large number of agents, and we assume
instead that x; is described with a discrete variable. This allows us
to capture individual agent characteristics by taking into account,
for example, different agent capacities. Hence, here, we assume
that x; € R,=[0,) represents the total agent capacity at node i,
which results from multiple discrete agents being present at that
node. The total agent capacity employed in a mission stays con-
stant, so that C =E§i1x,« is fixed. Let e, € R, be the minimum agent
capacity required to be present at any node i € H (i.e., either so
that all suitability functions are well defined at any state or as an
additional constraint on the state of a node). We assume that C
> Ne, so that the total agent capacity employed in a mission is
strictly larger than the combined minimum agent capacity of all
nodes. Note that the precise value of &, will depend on the lowest
agent capacity of any agent and the minimum number of agents
allowed at any node. In fact, we assume that the total agent ca-
pacity can be partitioned into discrete blocks. Each block repre-
sents a particular agent, and its size is assumed to be a correlate of
its capacity. We assume that the largest capacity of any agent is
given by a constant x>0, and the smallest capacity of any agent is
given by a constant x, so that x=x>0. In particular, if x=x=1
then all agents have equal capacities and x; represents, e.g., the
total number of agents monitoring node i as in the surveillance
scenario described in Sec. 2. In general, we assume the following.

* Node suitability changes relate to total node agent capacity
changes. We assume that for all s,(x;), i € H, there exist
constants ¢;,c; € R, ¢;,¢;>0, such that
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_e< 5i(vi) = slz) <-z (1)
Yi—Zi
for any y;,z; € [e,,C], y; # z;. Thus, s;(x;) is a strictly mono-
tonically decreasing function in its argument x; € [&.,C], so
that as the total agent capacity in node i increases, the suit-
ability of the node decreases. Moreover, we assume that
lim, _..5,(x;)=0 for all i € H.

e Strictly positive suitability. We assume that the functions
si(x;)>0foralli=1,...,N, and all x; € [&., C]. For this con-
dition to hold, the suitability functions can typically be
shifted vertically if necessary so that the suitability levels
remain strictly positive for any agent capacity. Hence, we
think of suitabilities as relative suitabilities.

3.1 Environmental Constraints on Agent Sensing and
Motion. The interconnection of nodes is described by a directed
graph, (H,A), where ACH X H. If (i,j) € A, this represents that
an agent at node i can sense its neighboring node j and can move
from i to j. If (i,j) € A, agents at node i can sense the total agent
capacity at node j, x;. However, unlike in Ref. [15], we do not
assume that agents have perfect sensor capabilities to measure its
own suitability level or the suitability levels of its neighboring
nodes. In particular, for agents at node i, where (i,j) € A, “sensing
node ;” implies that agents at node i know s;(x;)+w, where w is
the “sensing noise” that can change over time randomly, but —w
<ws=w for known constants w,w=0. Let s;-(xj)zsj(xj)+w de-
note the perception (i.e., the noisy measured value) by agents at
node i of the suitability level of node j with total agent capacity x;.
In some cases, one might want to assume that w depends on x;.
For instance, sj(xj)zsj(xj)+w(xi) with w=w, and |w(x])|
>|w(x?)|=0 for x!>x] represents sensing conditions where a
larger agent capacity at node i results in a better suitability per-
ception of its neighboring node j (e.g., due to better sensing ca-
pacities of the individual agents, agreement strategies among dif-
ferent agents at the same node that improve their individual
sensing abilities, or averaging strategies which compensate for the
error present in individual suitability assessments). Other sensing
conditions may require that s;(xj)zsj(xj)+wij, where w¥ is the
sensing noise present when agents at node i measure the suitabil-
ity level of node j in order to represent that different nodes may be
measured with different accuracies. Here, we simply assume that
if w(k) is the sensing noise present in an agent’s perception at time
k, then it may be the case that w(k;) #w(k,) for k; # k,, which
produces a general framework to represent that the sensing capa-
bilities of the agents may change over time (e.g., as agents dis-
cover their surroundings, their ability to assess the suitability lev-
els of neighboring nodes may change).

Note that an agent’s perception about the suitability level of a
neighboring node may differ from its actual value by at most
max{w,w}. Also, note that given a node € € H, and two neighbor-
ing nodes i,j such that (£,i)eA and ({,j)eA with s,(x;)
>s;(x;j), if s;(x;)—s;(x;)>2 max{w,w}, then the measured values
of the suitability levels of nodes i and j by agents at node ¢ are
such that sf(x,-) >sf(xj), regardless of the sensing noise w present
during the measurements. In other words, if s;(x;)—s;(x;)
>2 max{w,w}, then the two sets of all possible measured values
of the suitability levels of the corresponding nodes i and j, given
s:(x;) and s;(x;), do not overlap. Conversely, note that these sets
may only overlap if 0<s;(x;)—s;(x;) <2 max{w,w}. Moreover, if
(j,i) €A, then |s{(xi)—si(x,~)| <max{w,w} and, therefore, s{:(x,-)
-5 j(xj)| <3 max{w,w}. Finally, since vj(x )= j(xj)| < max{w,w},
we obtain |s{(x,—)—s;(xj)| <4 max{w,w}, regardless of the noise w
present during the measurement. Let us define W=4 max{w,w} as
the maximum difference between the measured suitability value
of a neighboring node and the perception of the suitability level of
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the node where the sensing agents are located, given that the
actual suitability levels of both nodes i and j are close enough
(i.e., they do not differ by more than 2 max{w,w}).

We assume that for every i € H, there must exist some j € H,
i# j, such that (i,j) € A, and there must exist a path between any
two nodes in order to ensure that every node is connected to the
graph. We also assume that if (i, ) € A, then (j,7) € A, so that if an
agent is at i and can move to j (sense the suitability at j), agents at
J can also move from j to i (sense the suitability at i). An agent at
node i can only directly move to node j if (i,j) € A. However, if
(i,j) €A, it may in some situations be possible for an agent to
(indirectly) move to j by passing through a series of other nodes.
If (i,j) € A, then i#j; however, agents at i know the value of
sf(x,-), are assumed to know x;, and are already at i so they do not
need to move to get to it.

Let R, =[e.,») and X={xeRY:ZV x;=C} be the simplex
over which the x; dynamcics evolve. Let  x(k)
=[x,(k),x,(k), ..., xy(k)]" € X be the state vector, where x;(k)
represents the total agent capacity at node i at time index k=0.
Constraints on our model below will ensure that x(k) € X for all
k=0. Let I(x)={i € H:x;>¢&.,x € X} represent the set of nodes at
state x, such that each node i e I(x) is occupied by a certain num-
ber of agents, which results in the total agent capacity at node i
exceeding the value of ¢.. Similarly, let U(x)=H—-1(x) represent
the set of nodes at state x whose total agent capacity equals the
minimum agent capacity .. The size of the set I(x) is denoted by
Nj. Let

M = max{s;(x;) = 5;(x;+%): for all x; € [&.,C]} (2)

for all i € H. In other words, M is the maximum change in suit-
ability that could occur by having an agent of maximum capacity
leave any node. Figure 2 shows an example of a system with N
=3 nodes and perfect sensing capabilities so that w=w=0. Note
that a horizontal band of width M >0 crossing at least one s;
curve represents an IFD state for some total agent capacity C. As
the total agent capacity C increases, the band moves toward the x
axis, representing that the average suitability of all nodes at the
IFD state decreases with increasing total agent capacity.

For a general graph topology, the best we can generally hope to
do with local information only and a distributed decision-making
strategy is to distribute agent capacities in such a way that the
suitability levels between any two connected nodes remain within
M. In particular, we can guarantee that [s;(x;)—s;(x;)|<M for all
(i,j) € A such that i,j e I(x) at the desired distribution. Note that
the value of M depends on the particular shape of all the suitabil-
ity functions (i.e., the suitability function of any node is bounded
by Eq. (1)), the total agent capacity C, and the largest capacity of
any agent X. In particular, note that since Eq. (1) applies for all
i € H and any y;,z; € [g.,C], if we let y;=x; and z;=x;+X, we can
bound M by Xmindc}<M<Xxmaxf{c;}. Similarly, let m
=min{s;(x;) —s;(x;+x) : for all x; € [e.,C]} for all i € H. Note that
Eq. (1) guarantees that M,m>0.

and Motion

;1(71(']()) represent the

event that one or more agents move from node i € H to neighbor-
ing nodes € € p(i) at time k, where p(i)={j:(i,j) € A}. Note that
the movement of agents from node i to neighboring nodes de-
creases x; since node i reduces its total agent capacity and conse-
quently increases s;(x;). Let ay(i, k) denote the total agent capacity
of the agents that move from node i € H to node € € p(i) at time k.
Let the list a(i,k)=[a;(i,k),a;(i,k),...,ap(i,k)] such that j
<j'<--<j"and j,j',....j" €p(i) and @;=0 for all je p(i)
represent the total agent capacity of the agents that move to all
neighboring nodes of node i; the size of the list «(i, k) is |p(i)| and

3.2 Agent Sensing, Coordination,
Requirements. Let £ be a set of events and let e
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that satisfy the IFD pattern).

remains constant for all time k=0 for all i € H since the topology
of the graph (H,A) is assumed to be time invariant (i.e., a(i,k)
€ ng(’)‘ for all k, where R-=[0,C]). Let {e'D’fi(fz)} represent the set
of all possible combinations of how agents can move from node i
to its neighboring nodes for all k. Let the set of events be de-
scribed by 5=P({e$ﬁlk))})—{®} (P(-) denotes the power set). No-
tice that each event e(k) e £ is defined as a set, with each element
of e(k) representing the transition of possibly multiple agents
among neighboring nodes in the graph. Multiple elements in e(k)
represent the simultaneous movements of agents, i.e., migrations
out of multiple nodes.

An event e(k) may only occur if it is in the set defined by an
“enable function,” g: X — P(E)—{D}. State transitions are defined
by the operators f,: X— X, where e € £. We now specify g and f,
for e(k) e g[x(k)], which define the agents’ sensing and motion.

If for a node ieH, si(x})=s{(x)<M for all (i,j) €A, then

2’('1.(2) € e(k) such that a(i,k)=(0,...,0) is the only enabled event.

Hence, agents at the most suitable node that they know of do not
move. Note also that this does not then allow for a “swap” of
equal numbers of agents between two nodes i and j, (i,j) € A such
that s;-(xj)—sf(xi) < M. The reason that such swaps are not possible
(or allowed) is that the agents do not necessarily share information
(e.g., via communications) that would allow them to achieve an
equal number of agents switching between nodes without chang-
ing the corresponding suitability levels. In other words, we do not
assume that there is coordination between individuals at different
nodes.

e
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Moreover, if for node i € H, s;(xj)—sﬁ(xl«) > M for some j such
that (i,j) €A, then the only eZI(Ji(,Ik))
a(i,k)=[a;(i,k):j e p(i)] such that

(l) xi(k)_zé’ep(i)a((i’k)ast."

) S0~ cppae(i, )] < maxts [ (0)): € p(}-W

ee(k) are the ones with

j

(iii) if aj(i,k_)>0 for some j e p(i), then a;+(i,k) =x for some
J* e Uiy siekY € p} |

(iv) a,(i,k)=0 for any je p(i) such that silxi(k)] > silx;(k)]
and x;(k)=¢,

Condition (i) guarantees that at any node there is at least a &,
agent capacity. It is required so that conditions (ii) and (iii) are
well defined at all times. To interpret conditions (ii) and (iii), it is
useful to note that reducing (increasing) the total agent capacity at
a node always increases (decreases) the suitability at that node.
The two conditions constrain how agents can move based on their
capacities and in terms of node suitabilities. Note that agents may
also move from higher suitability nodes to lower suitability nodes
as long as all conditions are satisfied. Condition (ii) states that
after agents move from node i to other nodes, the perception of
the suitability level of node i due to some agents leaving is strictly
less than the highest perception among neighboring nodes minus
W before agents started moving. This prevents there being many
agents moving from node i that stationary agents in node i try to
achieve higher suitability than all its neighbors (of course, addi-
tional agents could move to the highest suitability node reducing
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its suitability far enough, so that node i actually becomes the
highest suitability node at time k+ 1). Without condition (ii), there
could be a sustained oscillation of agent movements between
nodes. Condition (iii) implies that if the perception of the suitabil-
ity of node i differs by more than M with the perception of some
of its neighboring nodes, and at some point in time some agents
move to neighboring nodes, then at least one agent must move to
the neighboring node perceived with the highest suitability. With-
out condition (iii), some high suitability node could be ignored by
the agents and the IFD distribution might not be achievable. As
we will show below, condition (ii), together with condition (iii),
guarantees that the highest suitability node strictly monotonically
decreases over time. Condition (iv) states that if agents at node i
perceive a less suitable neighboring node to have only the mini-
mum agent capacity, they do not move to that node. Without con-
dition (iv), some agents would still be free to move to nodes with
lower suitability levels, which in an optimal distribution ought to
only have the minimum agent capacity required, &.. Consequently,
the desired distribution would not be maintained.

Finally, if e(k) € g[x(k)], e’c’f()i(f,z) € e(k), then x(k+1)=f,[x(k)],

where x;(k+1) equals x;(k) plus

> aGh- X
{j:iep(j),e/;’(i%ee(k)} {j:jep(i),e;’()i(vilz)ee(k)}

Note that if x(0) € X, x(k) € X,k=0 (i.e., X is invariant).

Next, let £ denote the set of all infinite sequences of events in
E. Let E,CE" be the set of valid event trajectories for the model
(i.e., the ones that are physically possible). Event e(k) € g[x(k)] is
composed of a set of what we will call “partial events.” Define a
partial event of type i to represent the movement of «(i,k) agents
from node i € H to its neighbors p(i) so that conditions (i)—(iv) are
satisfied at time k. A partial event of type i will be denoted by
¢ and the occurrence of ¢’ indicates that some agents lo-
cated at node i € H move to other nodes. Partial events must occur
according to the “allowed” event trajectories. The allowed event
trajectories define the degree of asynchronicity of the model at the
node level. We define two possibilities for the allowed event tra-
jectories.

aj(i,k)

(i) For allowed event trajectories E;C E,, assume that each
type of partial event occurs infinitely often on each event
trajectory E € E;. The assumption is met if at each node all
agents do not ever stop trying to move (e.g., if each agent
persistently tries to move to neighboring nodes). This cor-
responds to assuming “total asynchronism” [16].

(i) For allowed event trajectories EzC E,, assume that there
exists B> 0, such that for every event trajectory E € Ep, in
every substring e(k’),e(k’+1),e(k’'+2),...,e[k'+(B-1)]
of E, there is the occurrence of every type of partial event
(i.e., for every i e H, the partial event ¢"?) e e(k), for
some k,k' <k<k'+B-1). This corresponds to assuming
“partial asynchronism™ [16].

Let E; denote the sequence of events ¢(0),e(1),...,e(k—1),
and let the value of the function X[x(0),Ey, k] denote the state
reached at time k from the initial state x(0) by application of the
event sequence Ej.

3.3 Emergent Agent Distribution. The set
X,={xe X:VieH eitherls(x)—sx)|<M+WV
€ p(i)x; # e, and s,(x;)) > 5;(x;) V j € p(i):x;=€. or x;= €.}
3)
is an invariant set that represents all possible distributions of the
total agent capacity C at the IFD since [s;(x;)—s;(x;)|<M+W for

xe X, for all i,j € I(x) such that (i,j) € A. Note that X is invari-
ant since for any x € X; any node i € I(x), one of two cases must
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be true. If node i € I(x) has no neighboring nodes j € p(i) such
that x;=g,, then it differs in suitability from its neighboring nodes
by at most M+ W. Therefore, according to the definition of the
enable function g, there is no agent movement between nodes
i,j €I(x), which differ in suitability by at most M+W [a;(i,k)
=0 for all k=0 for all i,jel(x) when xe X,]. If for node i
€ I(x), there exist neighboring nodes j € p(i) such that x;=¢,, then
condition (iv) guarantees that a;(i,k)=0 for all k=0 for all j
e U(x) when x € X,;. Therefore, at state x € X, there is no move-
ment from agents from nodes i € H such that x;> g, to nodes at
the minimum agent capacity. Hence, it is always true that a(i,k)
=(0,...,0) for all i e I[x(k)] when x(k) € X;. Furthermore, any
node i € U[x(k)] when x(k) € X, has the minimum agent capacity,
so that condition (i) does not allow agents to move and change the
distribution x € X,;. Hence, a(i,k)=(0,...,0) for all i e H when
x(k) e X;. Recall, however, that there exist many different agent
distributions that belong to X;. Any agent distribution, such that
the distribution of the total agent capacities x € X, is called an
IFD realization. Note that according to the definition of M, a set of
suitability functions where ¢;>0 for all i € H represents a region
where the migration of agents to any node has a large effect on its
suitability level. Furthermore, note that for this set of suitability
functions, a large value of X means that at the IFD, the difference
in suitability levels between any two neighboring nodes may be
large. Moreover, if ¢; increases for larger values of the argument
of s5;(x;), an increase in the total agent capacity (e.g., due to a
larger number of agents, or agents with better capabilities) implies
steeper suitability curves, which in turn results in an increase in
the value of M. Larger values of M imply, in general, a larger set
of possible IFD realizations.

Note that according to the definition of X, it is possible for
unconnected nodes (i.e., ones such that (i,j) & A) in the set I(x) to
have suitabilities that differ by more than M when the distribution
is achieved. This could happen if two nodes i,j such that i,j
e I(x) with high suitability levels when x e X; are separated by a
node with a minimum agent capacity (e.g., in a region represented
by a line topology of the graph (H,A)). However, any two nodes
that are linked according to the graph (H,A) (i.e., ones such that
(i,j) € A) and belong to the set /(x) must have suitability levels
that differ at most by M+W at the desired distribution. Hence,
depending on the graph’s connectivity, there could be isolated
groups of nodes where only nodes belonging to the same group
have suitability levels that differ by at most M+ W (i.e., dividing
the region of different groups). Moreover, note that the formation
of group nodes depends on the total agent capacity employed in
the mission, the initial distribution x(0), and the random agent
migration between nodes.

THEOREM 1 (Stability for a fully connected region, any total
agent capacity). Given a fully connected graph (H,A), £.>0, any
number of agents with total agent capacity C, and agent motion
conditions (1)—(iv), the invariant set X, is asymptotically stable in
the large with respect to E; and exponentially stable in the large
with respect to Ep.

Note that asymptotic/exponential stability in the large implies
that for any initial distribution of agents, the invariant set will be
achieved. This result provides general sufficient conditions on
when a distribution satisfying the IFD pattern is achieved. How-
ever, the size of X; is not necessarily 1, since there are many
possible IFD realizations that may be achieved. Theorem 1 guar-
antees that under the above stated sensing and motion conditions,
one of them will be reached.

Moreover, notice that Theorem 1 requires €.>0 because if €.
=0 at a truncated node i, then s;(x;) equals infinity for certain
suitability functions (e.g., s;(x;)=a;/x;). The proof of Theorem 1
considers the emergence of different node groups when the region
is modeled by a fully connected topology. Node groups emerge as
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agents distribute themselves over the nodes if the total agent ca-
pacity is small enough. The dynamic emergence of node groups is
considered in the proof of Theorem 1.

Exponential stability of the invariant set X; means that all
agents are guaranteed to converge to X, at a certain rate. Define

4)

Notice that max{|x;—x{|,...,Jxy—xy|:x" € X} measures the
maximum difference among all nodes between the current total
agent capacity at a node and the total agent capacity it ought to
have to achieve the IFD pattern. Hence, p(x,X,;) measures the
maximum difference in agent capacity between the current agent
capacity distribution and a particular IFD distribution that mini-
mizes the maximum difference. Exponential stability implies that
motions can be overbounded by an exponential function, so that

p{X[x(O)ka’k]’Xd} = {e_akp[x(o)’xd] (5)

for some >0 and some {>0 for all E; and k=0 such that
E\E € Eg. The parameter « affects the rate at which the IFD is
achieved. If the initial distribution of the total agent capacity x(0)
is further away from X, Eq. (5) shows that it can take longer to
achieve the IFD. Note also that it sets a bound for all possible
trajectories of x, regardless of the particular IFD realization that is
achieved.

Finally, note that unlike in Ref. [15], here, we are able to quan-
tify the rate at which agents abandon nonworthy nodes in order to
achieve an IFD realization. Moreover, here, we are able to guar-
antee that such a realization is achieved even though agents pos-
sess only noisy assessments of the state of their immediate
surroundings.

THEOREM 2 (Stability for a not fully connected region, but suf-
ficient total agent capacity). Given any (H,A), £.=0, and agent
motion conditions (i)—(iv), there exists a constant C>Ng, such
that if the total agent capacity employed in the mission is at least
C, then the invariant set X, is asymptotically stable in the large
with respect to E;. and exponentially stable in the large with re-
spect to Ep.

Note that Theorem 2 considers a general interconnection topol-
ogy, which allows us to consider less restrictive agent sensing and
motion abilities.

Note also that the model we introduce here may be viewed as a
dual representation of the one introduced in Ref. [5], where each
agent is associated with a “load function.” There, the load level of
an agent depends on the location of that agent and that of the
targets it plans to visit. The results in Ref. [5] are an extension of
the load balancing [16] theorems in Refs. [17 and 18] to the “dis-
crete nonvirtual load” case with sensing and travel delays. Theo-
rem 2 is an extension to the case when the “discrete virtual load”
is a nonlinear function of the state with no delays.

5 eee s

p(x, &,) = min{max{|x; — x; xy—xybix’ e &)

4 Application

Suppose that we wish to design a multi-vehicle guidance strat-
egy to enable a group of vehicles to perform surveillance of some
region, the problem described in Sec. 2. As we mentioned in Sec.
2 our goal is to make the proportion of vehicles visiting a set of
predefined areas match the relative importance of monitoring each
area. Note that both classes of suitability functions in Fig. 1 are
admissible for the theoretical development in Sec. 3 (i.e., both
satisfy Eq. (1)). However, since our focus is on the relative pro-
portioning of area monitoring and not intra-area coordination, we
use the no intra-area coordination approach in the remainder of
the paper. Note that conceptually similar results to those below are
obtained for specific intra-area coordination strategies.

To define the perception by any vehicle about the suitability
level of a particular area, we use a system identification approach
to determine a parametrized model of the expected suitability
function of that area, §(x;). In particular, for the no intra-area
coordination approach and, according to Fig. 1, for a fixed turn
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radius 7, the expected suitability functions are of the form

§i(x;) =R, = #v,€)x; (6)
for all i € H, where Ié,- is the expected target pop-up rate for area i
(targets/s) and #(v,€) is the expected rate of targets being attended
by each vehicle moving at speed v in an area of size € X € (targets/
s/vehicle). Here, we will assume that for any vehicle monitoring
area i, x; and x; for all j e p(i) are known (i.e., the total agent
capacity monitoring areas i and j are known). Note that knowing
the value of x; in Eq. (6) is a reasonable assumption, particularly
when vehicles can rely on sensing information about the status of
other vehicles monitoring the same and neighboring areas (e.g.,
via individual limited-range communication networks/radars). A
vehicle’s perception about the suitability level of an area will de-
pend on how the different parameters in Eq. (6) are affected by its
limited sensing and maneuvering capabilities.

First, note that for a vehicle traveling in straight-line trajectories
between targets, #(v,{) is directly proportional to its speed and
inversely proportional to the size of the area. In fact, it can be
shown that such a vehicle reaches uniformly distributed targets at
arate A(v,€)=1.9179v/€. As € increases, a vehicle will on aver-
age need more time to reach a target, and as v increases, it will on
average need less. When more complex vehicle dynamics and
trajectories are taken into account (e.g., when vehicles obey a
Dubins model), although the simple mathematical relationship be-
tween #(v,€) and v and € does not generally hold, the same quali-
tative behavior can be expected. In particular, simulation results
show that while maneuvering constraints on the vehicles (i.e., an
increasing minimum turn radius) may diminish the expected rate
#(v,€) for all vehicles in an area, the expected suitability function
shape stays the same as in Eq. (6).

Furthermore, note that knowing the value of 1%,- in Eq. (6) usu-
ally requires that vehicles estimate the number of targets that have
appeared in that area in a time window divided by the length of

that window; thus, note that to estimate ﬁ,- vehicles may have to
sense area i over a long period of time in order to obtain an

accurate estimation. In particular, the error induced in assessing ﬁi
depends largely on the length of the estimation window being
used and the rate at which targets appear in area i, R;. Here, we
assume that vehicles have good sensing capabilities and use a
large enough window in estimating the rate of appearance of tar-
gets (e.g., so that vehicles monitoring area i can ultimately obtain
12’,- and Iéj for all j e p(i) within 10% of R; and R;, respectively).
We validated via simulations that this is possible.

We define the perception by a vehicle located over area i about
the suitability level of a neighboring area j as s}(xj)zfj(x]-), and
this will be used in the movement rules defined in Sec. 3.2. To
consider the error being induced by a vehicle’s perception about
the suitability level of an area (i.e., its sensing noise), we assume

that variations in R ; are independent of variations F(v,€). We also
assume that such deviations are bounded within one standard de-
viation so that for some constants w, w=0, \s}(xj)—sj(xj)|
=3;(x;)—s;(x;)| <max{w,w}, and W is defined as in Sec. 3.1. As
the mission progresses, vehicles decide to move from one area to
another only if conditions (i)—(iv) are satisfied (i.e., when a ve-
hicle reaches a target, it verifies the conditions and tries to move
to the neighboring area with the highest suitability level).

Figure 3 shows two typical different achieved IFD realizations
for 20 vehicles in a region divided into four areas and where a line
topology is used. While the plots illustrate that good vehicle sur-
veillance distributions are achieved, different IFD realizations can
emerge due to the discrete nature of vehicle capabilities (compare
left and right plots).

Next, using ideas from Ref. [16], we define two cooperative
sensing strategies to try to reduce the effects of the sensing noise
w on the mission performance. In particular, we assume that every
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Fig. 3 Two possible IFD realizations for vehicles traveling at constant speed v=15 m/s and T=800 m deployed in a region
divided into four areas with ¢=2.5 km and connected by a line topology

vehicle that is able to measure the suitability level of an area will
cooperate with other vehicles within their area and the areas it is
connected to by sharing with them its own perception about that
area. We first implement a synchronous averaging strategy, where
at any time £, all vehicles in an area and its connected areas may
exchange their current perceptions about neighboring areas, and
any vehicle evaluating conditions (i)—(iv) uses the average value
of all sensing vehicles in order to define its current perception
about an area. Note that such an approach generally requires a fast
and synchronized communication network. Hence, if communica-
tion delays between the vehicles are too long or not all sensing
vehicles update their perceptions about neighboring areas at the
same time or rate, a synchronous algorithm is not desirable.
Hence, we define an asynchronous agreement algorithm, where
those vehicles able to measure the suitability of area i try to reach
a common value by exchanging their perceptions and combining
them by forming convex combinations. In other words, a vehicle’s
perception about a neighboring area i is influenced to different
extents by all vehicles that can sense that area (e.g., depending on
how outdated the received information might be). Note that ve-
hicles may actually exchange perceptions several times until they
eventually agree on a common estimate (an agreed upon value)
that is guaranteed to lie between the maximum and the minimum
perception of all sensing vehicles [16]. Figure 4 shows an ex-
ample of the typical different IFD realizations for these two strat-
egies and the no-coordination case (i.e., where vehicles just use
their own perception to evaluate conditions (i)-(iv)). Note that the
ultimate distribution has less variation when cooperative sensing
is used. Finally, the Monte Carlo runs in Fig. 5 show that when the
ultimate distribution has less variation, vehicles require more time
to achieve it. More time is required since the distribution that can
be achieved is more even.

5 Concluding Remarks

We introduce an asynchronous formulation of a multiagent sys-
tem, which captures the essential characteristics of a group of

604 / Vol. 129, SEPTEMBER 2007

agents and a predefined set of spatially distributed areas, including
the interconnections between areas (via the topology of a graph)
and the agents’ maneuvering and sensing abilities (via the state of
the nodes of a graph). In particular, we study how the differences
in individual abilities affect the optimal distribution of the agents
across these areas. Using a Lyapunov approach, we derive stabil-
ity conditions under which an IFD realization is achieved, even
when the agents’ motion and sensing abilities are highly con-
strained. By considering the presence of sensing noise, we remove
the requirements (as in Ref. [15]) that agents must perfectly assess
the suitability levels of their immediate surroundings. We show
that although the presence of sensing noise may increase the dif-
ference in suitability levels among neighboring nodes at the de-
sired distribution, a global distribution pattern will still emerge in
a fully connected topology, regardless of the total abilities of the
agents. However, since fully connected topologies are rarely ap-
plicable, we present similar results that show that under stronger
conditions on the total abilities of the agents, an IFD realization
can still be achieved for a general topology under only minimal
restrictions on the graph topology.

Finally, we show how the theory presented here is useful in
designing cooperative control strategies for multiagent surveil-
lance problems. Via simulations, we show how the abilities of the
agents affect the achievement of the IFD. In particular, we show
the impact of sensing noise on the difference in suitability levels
among neighboring nodes at the IFD. Via Monte Carlo runs, we
show that distributed sensing strategies offer the potential to miti-
gate the effects of noise but increase the time at which the IFD
distribution is achieved. Taking into account how agent sensing
and travel delays affect achievable distributions and their stability
properties remains a future research direction, as is the implemen-
tation of the proposed strategies in a cooperative robotics experi-
mental testbed.
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Appendix A: Proof of Theorem 1

Due to space constraints, we present a compact version of the
proofs. For further details, the reader is directed to the authors’
websites where an extended version can be found.'

Let x"=[x{,...,xy] and choose p(x,X,) as in Eq. (4). Also,

max{s;(x;)} - 1/N2 si(x;) + 1/N E si(ed x & X,
jeH JjeU(x)

Vix) =

0 xe X,

(A1)

Note that the definition of V(x) allows us to consider truncated
nodes at the IFD. Since U(x) is not known a priori, we do not
explicitly know V(x). However, we do not need to know its ex-
plicit form. We only need to know that it satisfies certain math-
ematical conditions. It can be shown that for the choices of
p(x,X,) and V(x), there exist two constants ¢; >0 and ¢, >0 such
that

(A2)

(for details see the extended version of this appendix) Now, in
order to show that X; is asymptotically stable in the large with
respect to E;, we must show that for all x(0) ¢ X,; and all E;, such
that EE € E[x(0)], V[X[x(0),E;,k]]—0 as k—x (ie, V—0
along all possible motions of the system). If x(k) & X, then there
must exist some node with the highest suitability among all nodes
(there might actually be more than 1). In a fully connected graph
(H,A), there must also exist another node i such that (i,j*) € A,
xi(k) # &, and s;[x;(k)]-s,[x;(k)]>M+W, and node ;" has the
highest suitability level among all nodes. Moreover, since
|S;L[xj*(k)]—sj*[xj*(k)]| <max{w,w} for all i’ eH such that j"
ep(i'), it applies to node i, and since sf[x,-(k)]$s,-[x,-(k)]
+max{w,w}, we know that if s;*[xj*(k)] =sp{xp(k)], then

c1p(x, X)) < V(x) < cpplx, Xy)

"www.ece.osu.edu/ ~passino/kmp-pubs.html
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S_I,»*[Xj*(k)] =si{xi (k)= s 2 [x (k) ] = s xi(k) | = s o[ x (k) ] =[5, x:(k) ]
+max{w,w}]|>M+W-max{w,w}=M since W=4 max{w,w}. If
s;*[xj*(k)] <splxp(k)], » then s;.*[xj*(k)] =5 px(k)]
—max{w,w}>0, and s[x;(k)]<s[x;(k)]+max{w,w}, we know
that sl ()] =silxi(k) 1> {s o [xj+ (k) ] - maxfw , wh = sifxi(k) ]
= (s L0015 1+ maxoe  iH) - max{ow, 9} > (M + W)

—2 max{w,w}=M since W=4 max{w,w}. Hence, it must be true
that the perception of agents at node i about the suitability of node
j* is such that s;*[xj*(k)]—sf[x,-(k)]>M . In other words, agents at
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Fig. 5 Effects of implementing a synchronous and partially
asynchronous iterative methods on reaching an IFD realiza-
tion; no cooperative sensing (square), agreement strategy
(circle), averaging strategy (triangle). Each data point repre-
sent 50 simulation runs with varying target pop-up locations.
The error bars are sample standard deviations from the mean.
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node i perceive the suitability of node j* to be higher than the
perception of their own suitability by more than M. However, note
that they might still perceive a different node to have even higher
suitability than node j*. Hence, we consider two possible cases:
either one of the highest suitability nodes ;" is perceived as being
the highest neighboring node by agents at some node i with
x;(k) # &, and s;*[xj*(k)]—sﬁ[xi(k)]>M or not.

Case 1. If one of the highest suitability nodes j* € {j:sj-[xj(k)]
>s2[x(g(k)]} for all € € p(i) because of the restrictions imposed by
E;, we know that all the partial events are guaranteed to occur
infinitely often, and according to condition (iii) on e(k) € g[x(k)],
each time partial event e’ occurs, the suitability of node j” is
guaranteed to decrease by at least m. Moreover, according to con-
diton (i) on e(k) eg[x(k)], slx(k+1 )< s b () ]-W
<sp[xp(k)]. Therefore, s[x;(k+1)]< sﬁ[xi(k+ 1)]+max{w,w}
< {s}*[xj*(k)] -4 max{w, w}} +max{w, w}<s;[x;+(k)]
sj*[xj*(k)]Zs;*[xj*(k)]—max{vy,w}. In fact, because the system is
composted of a finite number of agents, each with a constant agent
capacity, we know that there is a constant & >0 such that
si{xi(k+1)]<sp[x;+(k)]- 6. Hence, if node i would become the
highest suitability node at time k+1, its suitability level would
still have decreased by &; compared to the highest suitability level
at time k.

Case 2. Next, note that if j* eE{j:s;[xj(k)]Bs%[xe(k)]} for all
€ e p(i), that is, if node j" is not perceived as being one out of
possibly few nodes with the highest suitability, then the restric-
tions imposed by E; together with condition (iii) on e(k)
e g[x(k)], do not guarantee that each time partial event ¢"?%) oc-
curs, a;+(i,k)=x. However, there must exist a node j’
e{j:s;[)c_/»(k)]asi;[xg(k)]} for all € € p(i), which is perceived as
being the one with the highest suitability. Notice that if ;' is per-
ceived by agents at node i as being the node with the highest
suitability, then it must be the case that s;[x;(k)]—s;/[x; (k)]
<2 max{w,w}. Moreover, since j* € p(j’) in a fully connected

since

topology, then |s§i[xj*(k)]—sj*[xj*(k)]|$max{v_v,vT/}, so we know

sj*[xj*(k)]—sjr[xjr(k)] <3 max{w,w} and s;.*[xj*(k)]—s;,[xjr(k)]
< W. Notice that the restrictions imposed by E;, together with
condition (ii) on e(k) € g[x(k)], guarantee that there is no agent
movement from node j’ to j*, so the suitability level of node j’
cannot increase. Furthermore, condition (iii) on e(k) € g[x(k)]
guarantees that each time partial event P9 oceurs, Oljr(i Jk)=x.
Therefore, eventually, the suitability level of node j" decreases so
that  sp[x;(k)]—sy[x;(k)]>2 max{w,w} and, therefore,
s;*[xj*(k)]>s},[xj/(k)]. Note that even when node j* is not per-
ceived as being the highest suitability node so that condition (iii)
only guarantees that a;/(i,k)=yx, condition (ii) on e(k) € g[x(k)]
still  guarantees that  s;[x;(k+1)]< s},[xj,(k)]—3 max{w,w}
= Sjr[.Xj!(k)] <sj*[xj*(k)]

Since there are only a finite number of nodes that may be mis-
takenly perceived by agents at node i as having the highest suit-
ability level (i.e., Case 2 can only apply a finite number of times),
eventually j* e {j:sj-[xj(k)] >s2[x((k)]} for all € € p(i), and at least
one of the highest suitability nodes will be perceived properly
(i.e., Case 1 applies). Moreover, as long as sy[x;(k)]—s[x;(k)]
>M+W for some (i,j") €A, the agents at node i will be
s}*[).cj*(k)]—s;[xi(k)] >M and, j e {j:silxi(k)]
=sy[x¢(k)]} for all € e p(i). Therefore, regardless of how many
highest suitability nodes there are, sooner or later some agents
will move one of the highest suitability nodes. Hence, it is inevi-
table that eventually the overall highest suitability level will de-
crease (i.e., Case 1 can only occur a finite number of times with-
out the overall highest suitability level decreasing). Hence, for
every k=0, there exits k' >k such that V(k’)>V(k’+1) as long

eventually,
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as x(k') & X;. Hence, X, is asymptotically stable in the large with
respect to E;.

We now assume that the allowed event trajectories are Ep, and
we show that X, is exponentially stable in the large with respect
to Ez. We first specify the constant 6>0, which quantifies the
decrease in the highest suitability value of any neighboring node
of node i (or its own, if it would become the highest suitability
node of all its neighbors). Note that for a fully connected graph
(H,A), the highest suitability value of any neighboring node of
node i corresponds to the highest suitability level of all nodes
(except the node with the highest suitability itself). However, in
specifying &, we consider a general graph topology (H,A) since
its definition is also used in the proof of Theorem 2.

For a given set of suitability functions and a set of agents, if
elo’fl.(,']z) e e(k) and ayi,k)>0 for some j e p(i), then according to
condition (i), a;(i,k)=x for some node je {i:s_’/:[xj(k)]
>sz[x€(k)] for all € € p(i)}. Therefore, according to the definition
of m, sp[xp(k+1)]<s;[x;(k)]—m if no agent would leave node
7" at time k (note that if j” is the highest suitability node in the
graph, then according to condition (i) 2, ,(a(j”.k)=0 at time
k). Therefore, considering m in the definition of § takes into ac-
count the case when the highest suitability node of all neighboring
nodes of node i may remain the same, but its suitability level
s[x+(k)] decreases in value.

i.p(i)
al(i k)
ee(k) and «a;(i,k)>0 for some jep(i), then s[x;(k+1)]
<s;[xj(k)]- 8, where j* e p(i) and s;.*[xj*(k)] B;’,'.[xj(k)] for all
J € p(i). In other words, if agents at node i decide to move to some
node j, the suitability at node i at time k+1 is less than the highest
perception of the suitability levels of all neighboring nodes of
node i at time k by at least ;. In particular, note that according to
the definition of f,[x(k)], we know that whether agents arrive at
node i at time k+1 or not s[xi(k+1)]<s][x;(k)
-Zpe p(,-),ei;z(’lfik))eg(k)}af(i,k)] since s; is a strictly monotonically de-

Next, there also exists a constant &; >0, such that if e

creasing function and xi(k+])>xi(k)_E{(ep(i),ei’]()_(ik))ee(k)}af(iak)'

Moreover, according to condition (ii), we also know that for all
P celk). STk =S cpnaei.K)]<max{sx;(k)]:) € p(i)}
—W. Hence, if " maxj{s;-[xj(k)]:j ep(i)} and a;(i,k)=x, then
since W=4 max{w,w} and sj*[xj*(k)]Bs’/'.*[xj*(k)]—max{vy,v?},
s+ 1)) < sLx;(k+ 1) ]+ max{w, w} < s;;[x (k) ]~ W+max{w ,w}
<s;[x;(k)] so that §>0 for any agent movement. Note that
defining 6; considers the case when agents moving away from
node i may cause its suitability to become the highest suitability
of all its neighboring nodes.

Finally, there is also a constant §,>0, such that if (i, /) € A and
silx(k)]# s,[x;(k)], then [s[x;(k)]—s,[x;(k)]|= &, for all k=0. The
value of &, depends on the particular set of suitability functions
and a given set of agents. Defining &, takes into account the case
when agents moving from node i to the neighboring node among
the highest suitability (together with other possible agent migra-
tions from other nodes) cause another node that did not necessar-
ily receive any agents to become the highest suitability node of
node i at time k+1.

Let d=min{m, 8, &}. Next, fix a time k=0. If x(k) ¢ X,;, we
know there must exist at least one pair of nodes 7, € H such that
(i.)) €A, sjlx(k)]=s[x(k)]>M+W, and x,(k)#e. Let H;(k)
={isxjk)]=s;[x;:(k)].j.j" € p(i)} CH be the set of neighbor-
ing nodes of node i with the highest suitability levels. Since
si{xj(k)]=s[x(k)]>M+W, note that for any j'e Hj(k),
splep (0)]=slx(0]>M+W, so that s,[x;(0)]=s{[xi(k)]> M.
Hence, according to the restrictions imposed by Ep, there is some
time k;, k<k,<k+B such that e";'(’i(le)ee(kl). In other words,
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agents at the node with lower suitability, but not the least agent
capacity ., must try to move to other nodes at least once every B
time steps. Note also that there are only a finite number of nodes
that may mistakenly be perceived as having the highest suitability
level and that condition (ii) on those nodes guarantees that no
agents may move away from such nodes since its actual suitability
level must differ from the highest suitability level of all neighbor-
ing nodes of node i by less than 2 max{w,w} (in fact, agents do
not leave any node whose perception of its own suitability level
does not drop below the highest neighboring suitability perception
by at least W). Hence, if we let [] denote the ceiling function
(which gives the smallest integer greater than or equal to its argu-
ment) and agents move to but do not leave any particular node
mistakenly perceived as having the highest suitability level, then
after B max{[(2/m)max{w,w}],1} time steps we can guarantee
that it will no longer be perceived as being the highest suitability
node by any agents at node i, unless it has actually become 1.
Hence, for a fully connected topology, conditions (ii) and (iii) on
e(k) e g[x(k)], along with the definition of &, imply that there exist
a time ky, k<k,<B max{MW/2m],1}, such that (a) |H?(k2+l)|
s|Hf(k2) =1 and s,[x,(ky+1)]=s[x;(ky)] for all qu:(k2+1)
and all je H;(ky) or (b) s,[x,(ky+1)]<s[x;(k;)]-& for all ¢
e H?(k2+ I)and all j e H?(kz) since condition (ii) guarantees that
all neighboring nodes that are properly perceived as having the
highest suitability level do not increase in suitability value. In
other words, after B max{MW/2m], 1} time steps, either the num-
ber of best neighboring nodes decreases by 1 (e.g., the number of
nodes j e Hf(k) with the highest suitability) or the suitability level
of the best neighboring node decreases by at least 8. Since there
might be at most N—1 nodes with the highest suitability, and for a
fully connected topology the suitability level of the best neighbor-
ing node of node i corresponds to the highest suitability in the
entire graph, we conclude that as long as x ¢ X, the highest suit-
ability in the entire graph decreases by at least & every
NB max{N[W/2m], 1} steps, so we obtain that the highest suitabil-
ity in the entire graph is guaranteed to decrease according to
max{s;{x;(k) [} —max{s;[x;,(k+ NB max{MW/2m],1}) ]} = 6.

Finally, note that according to Eq. (Al), V[x(k)] equals the
difference between the maximum suitability level among all nodes
and the average suitability level of all nodes with more than the
minimum agent capacity. Therefore, since the maximum suitabil-
ity level among all nodes overbounds V[x(k)], guaranteeing that
the maximum suitability level decreases at least by 6>0 together
with the bounds on V[x(k)] satisfies sufficient conditions for ex-
ponential stability to the invariant set X, [17].

Appendix B: Proof of Theorem 2

In the proof of Theorem 2, we do no longer assume a fully
connected topology of the graph (H,A). Instead, we assume a
general graph topology, and we only require that every node is
connected to some other node in the graph. Notice that the proof
of Theorem 1 made no assumption on the total agent capacity C,
so that some of the previous results will be used in this section.
We focus on how topological characteristics of the region of in-
terest affect the rate of convergence to the desired distribution. In
particular, we show that &, is still exponentially stable with re-
spect to Ep, even when we do not assume a fully connected to-
pology.

It can be shown that for a large enough agent capacity C, for X
to be invariant, it requires that U(x)=@ for all x € X;. Moreover if
we choose p(x,X,) as defined in Eq. (4) and let
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max{s(x)y = (UN) 2 s,() x g x,

jeH
0 x e Xy

V(x) =

it can also be shown that the bounds in Eq. (A2) still hold for this
particular definition of V(x) (again, for details see the extended
version of this appendix). For similar reasons as in the proof of
Theorem 1, we can also establish asymptotic stability of X; with
respect to E;. In particular, as long as x ¢ &), we know that there
must exist a pair of nodes (i, /) € A, where j has the highest suit-
ability level of all neighboring nodes of node i and x; # ., such
that s[x;(k)]—s[x;(k)]>M+W and hence s;[xj(k)]—sf[x,-(k)] >M.
Note that for a general graph (H,A), at time k, node j € Hl.*(k) may
not be the node with the highest overall suitability level in the
entire graph. However, as in the proof of Theorem 1, because of
the restrictions imposed by E;, we know that all the partial events
are guaranteed to occur infinitely often, and according to condi-
tion (iii) on e(k) € g[x(k)], if no agents move away from node j
(for example, if node j is actually the highest suitability node in
the entire graph), its suitability level is guaranteed to eventually
decrease by at least m (since Case 2 in the proof of Theorem 1 can
only occur a finite number of times and, eventually, node j must
be perceived as having the highest suitability level of all neigh-
boring nodes of node i, so that a;(i,k)=x). Note that if there
exists another node j', such that ;' ep(j), j «€p(i), and
s;.,[xjr(k)]—sj[xj(k)]>M, then the suitability level of the neigh-
boring node j € p(i) may actually increase, given that agents from
node j may move to j' as long as conditions (i-iv) on node j are
satisfied. In particular, condition (ii) on node j guarantees that
even if agents actually move away from node j, its suitability
level is strictly less than the highest suitability level of all its
neighboring nodes. Since every node is connected to some other
node in the graph, there must exist a path from node i to any of
the possibly few highest suitability nodes in the entire graph. Con-
dition (ii) on an overall highest suitability node j* guarantees that
agents do not move away from that node because even if agents
located at that node perceive another neighboring node as having
a higher suitability level (due to the sensing noise w), the differ-
ence in suitability perceptions is less than W. Hence, condition (ii)
on any of the highest suitability nodes in the graph (which ensures
that no agents move away from such a node at time k) and con-
dition (ii) on any of its neighboring nodes (which ensures that the
suitability level of such nodes at time k+1 remains strictly less
than the maximum suitability at time k) guarantee that
max{s;[x;(k)]} is nonincreasing. Therefore, since the overall suit-
ability level is nonincreasing, the suitability level of node j re-
mains strictly below the highest suitability level of the entire
graph. In particular, if agents move away from node j, eventually,
either node j becomes the highest suitability node of the entire
graph or agents stop moving away from node j (because its suit-
ability level differs by at most M from all its neighboring nodes).
Either way, the suitability level of node j eventually decreases.

Finally, since the highest neighboring suitability level eventu-
ally decreases in value, and there are a finite number of highest
neighboring nodes, then, eventually, either the highest suitability
node of the entire graph decreases or the maximum path length
between a pair of nodes (i,j) €A such that s;[xj(k)]—si[xi(k)]
>M and x;#e&., to a maximum suitability node in the entire
graph, decreases. Since there can only be a finite number of over-
all highest suitability nodes, and there are at most (N—1) links
between any two nodes, eventually, the overall highest suitability
level must decrease. Hence, for every k=0, there exists k' >k
such that V(k')>V(k'+1) as long as x(k') ¢ X, Hence, X, is
asymptotically stable in the large with respect to E;.

To establish exponential stability of X; with respect to Ep for
Theorem 2, we take into account how the topology of a general
graph (H,A) affects the rate of convergence to the desired state.
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Again, as long as x & X;, we know that there must exist a pair of
nodes (i,j) € A, where j has the highest suitability level of all
neighboring nodes of node i and x;#e,, such that sj[xj(k)]
—si[x;(k)]> M. Note that there might be several such pairs, and let
us refer to node i as the closest one to some highest suitability in
the entire graph. Fix a time k and let H"(k) CH to be the set of
nodes such that H"(k)={i:s;{x;(k)] =s,[x;j(k)],j € Hy. In other
words, the set H*(k) holds all nodes with the highest suitability in
the entire graph. Let L(k) represent the maximum number of links
between node i and any node j* e H" (k).

For x ¢ X, if there exists some node j' such that (j',;*) € A,

xj1 # &, and s;.i(xj*)—sj’,:(xj,) > M for all j* € H (k) (e.g., in a fully
connected topology considered in Theorem 1), then according to
the restrictions imposed by Ep, agents try to move to neighboring
nodes at least once every B time steps, and conditions (ii) and (iii)
on e(k) € g[x(k)] guarantee that after NB max{N[W/2m],1} time
steps the maximum suitability in the entire graph decreases by at
least 8. Note that node j’ must not be unique for all j* € H'(k).
However, for a general graph topology, it could be that some
nodes connecting to any of the highest suitability nodes j*
€ H' (k) have local suitability perceptions that differ by at most M
from their perception of sj*[xj*(k)], so that the restrictions im-
posed by Ejp together with condition (iii) do not guarantee that at
least some agents located at neighboring nodes of j* € H*(k) move
to the highest suitability node in the entire graph. Consequently,
the maximum suitability in the entire graph is not guaranteed to
decrease after NB max{N[W/2m],1} steps (i.e., since there is no
direct neighbor where agents are guaranteed to come from). The
restrictions on Eg along with conditions (ii) and (iii) only guaran-
tee that all best neighboring nodes of node i decrease by at least &
after NB max{MW/2m], 1} steps, provided that there is no agent
migration from neighboring nodes of node 7 to other nodes. More-
over, note that even if agents move away from node j, its suitabil-
ity s j[xj(k)] cannot increase by more than NM since node i is the
closest node to j* e H"(k), which differs in suitability level by
more than M+W from its neighboring node. However, after
[(2NM/8)NB max{MW/2m],1}] we know that all neighboring
nodes of node i have to decrease its suitability by more than 2M
and/or there must exist a pair of nodes (i’,;j’) such that (i',;")

€ A and s;.,,[xjr(k’)]—s,»r[xi::(k’)]>M such that the maximum path
length L(k') <L(k)—1 for k' =k+[2(M/ 5)N*B max{N[W/2m], 1}].

Since L(k) <N (the maximum span between any two nodes) we
know that after M2(M/m)NB max{N|W/2m],1}] steps, either (a)
|H (k+D)|<|H"(k)|-1 and s,[x,(k+1)]=s[x;(k)] for all ¢
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e H'(k+1) and all j € H*(k) or (b) sqlxg(k+1)]<s,[x;(k)]- & for
all g € H'(k+1) and all j € H"(k). In other words, either the num-
ber of best suitability nodes in the entire graph decreases by at
least 1, or the suitability of the best node decreases by at least J.

Again, because |H'(k)|<N-1, we can conclude that for
x(k) &' X, max {s,[x;(k) |} —max{s,[x;(k+N[2(M/ 5)NB max
X{MW/2m],1}])]} = & which again, together with the bounds on
V[x(k)], satisfies sufficient conditions for exponential stability to
the invariant set X, [17].

References

[1] Radner, R., 1962, “Team Decision Problems,” Ann. Math. Stat., 33, pp. 857—
881.

[2] Beard, R. W., and McLain, T. W., 2003, “Multiple UAV Cooperative Search
Under Collision Avoidance and Limited Range Communication Constraints,”
1IEEE Conference on Decision and Control, HI, pp. 25-30.

[3] Castafion, D. A., and Wu, C., 2003, “Distributed Algorithms for Dynamic
Reassignment,” IEEE Conference on Decision and Control, HI, pp. 13-18.

[4] Moore, B. J., and Passino, K. M., 2004, “Coping With Information Delays in
the Assignment of Mobile Agents to Stationary Tasks,” IEEE Conference on
Decision and Control, Paradise Island, Bahamas, pp. 3339-3344.

[5] Finke, J., Passino, K., and Sparks, A., 2006, “Stable Task Load Balancing
Strategies for Cooperative Control of Networked Autonomous Air Vehicles,”
IEEE Trans. Control Syst. Technol., 14, 789-803.

[6] Subramanian, S. K., and Cruz, J. B., 2003, “Adaptive Models of Pop-Up
Threats for Multi-Agent Persistent Area Denial,” in IEEE Conference on De-
cision and Control, Maui, HI, pp. 510-515.

[7] Liu, Y., and Cruz, J. B., 2004, “Coordinating Networked Uninhabited Air
Vehicles for Persistent Area Denial,” IEEE Conference on Decision and Con-
trol, Paradise Island, Bahamas, pp. 3351-3356.

[8] Moore, B. J., and Passino, K. M., 2006, “Spatial Balancing of Autonomous
Vehicle Resources,” American Control Conference, Minneapolis, MN, pp. 35—
40.

[9] Stone, L. D., 1989, Theory of Optimal Search, ORSA, Arlington, VA.

[10] Laporte, G., 1992, “The Vehicle Routing Problem: An Overview of the Exact
and Approximate Algorithms,” Eur. J. Oper. Res., 59, pp. 345-358.

[11] Li, W., and Cassandras, C. G., 2004, “Stability Properties of a Receding Ho-
rizon Controller for Cooperating UAVs,” IEEE Conference on Decision and
Control, Paradise Island, Bahamas, pp. 2905-2910.

[12] Hespanha, J., and Kizilocak, H., 2002, “Efficient Computation of Dynamic
Probabilistic Maps,” Mediterranean Conference on Control and Automation,
Lisbon, Portugal.

[13] Fretwell, S. D., and Lucas, H. L., 1970, “On Territorial Behavior and Other
Factors Influencing Distribution in Birds,” Acta Biotheor., 19, 16-36.

[14] Finke, J., and Passino, K., 2006, “Stable Emergent Heterogeneous Agent Dis-
tributions in Noisy Environments,” American Control Conference, Minneapo-
lis, MN, pp. 2130-2135.

[15] Finke, J., and Passino, K. M., 2005, “Stable Cooperative Multiagent Spatial
Distributions,” IEEE Conference on Decision and Control, Seville, Spain, pp.
3566-3571.

[16] Bertsekas, D., and Tsitsiklis, J., 1997, Parallel and Distributed Computation:
Numerical Methods, Athena Scientific, Belmont, MA.

[17] Passino, K. M., and Burgess, K. L., 1998, Stability Analysis of Discrete Event
Systems, Wiley, New York.

[18] Burgess, K. L., and Passino, K. M., 1995, “Stability Analysis of Load Balanc-
ing Systems,” Int. J. Control, 61, pp. 357-393.

Transactions of the ASME

Downloaded 03 Jan 2008 to 140.254.87.101. Redistribution subject to ASME license or copyright; see http://www.asme.org/terms/Terms_Use.cfm



