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Abstract

Cooperative control involves the development of decision-making systems that can guide the behavior of a group
of networked autonomous agents toward a common goal. This problem is often put in the context of assignment
of agents to tasks, and these tasks are often spatially distributed in an environment through which the agents must
navigate. In this paper we consider the problem of determining a one-to-one assignment of mobile agents to stationary
tasks in order to maximize a performance measure that is sensitive to the time each task will be completed. The
problem is complicated by the fact that the agents must communicate over a network with substantial delays in order
to cooperatively determine their assignment. Thus the problem is similar to the traditional assignment problem, with
the exception that the benefit values can change while the agents attempt to determine a solution. A modification to the
asynchronous distributed auction algorithm is developed to solve this problem and shown to terminate in finite time.
Optimality of the resulting assignment is investigated through a worst case analysis and via Monte Carlo simulations
using agents based on the Dubins car model.

I. INTRODUCTION

Within the field of cooperative control there is special interest in problems where a group of mobile agents must
act in concert to accomplish a common goal. Generating the individual agent trajectories and associated actions that
accomplish this goal can be viewed as the assignment of each agent to a certain subset of spatially distributed tasks.
Since the agents will generally not have the same initial position or capabilities, it follows that some assignments
will result in better performance than others and thus we would like to determine the optimal one subject to the
problem’s constraints. Given the mobile nature of the agents, the performance measure used is often some function
of the distance each agent travels or the times that various tasks are completed. In this work, we focus on a
distributed method autonomous agents may use in order to solve a particular type of assignment problem despite

issues that arise when inter-agent communications are subject to significant delays.
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To date, research on these types of problems has focused on either optimization algorithms or stability analysis.
In the former case, the application of mixed-integer linear programming (MILP) has proved very useful when
applied to the optimization of agent trajectories [1] or to coordinating the efficient interaction of multiple agents in
scenarios with many sequential tasks and tight timing constraints [2], [3]. Given the potential complexity of these
problems, however, the solution time of these algorithms can become prohibitive. In some cases the optimality of
the solution may degrade gracefully with the time of its computation. In other cases, particularly those involving
the popular nonholonomic model known as the Dubins Car [4], the feasibility of the solution may be destroyed
if it takes too long to compute it. By their nature, such algorithms are also highly centralized; this often means
that a large amount of information must be passed over the agents’ communication network (a potential problem if
that network is subject to imperfections such as delays, noise, or changing topology). Some of these issues can be
overcome by settling for suboptimal solutions either through the use of heuristics (such as those developed in [5])
or by decomposing the larger problem into smaller ones that can each be solved optimally and then recombined to
generate a complete solution (as in [6]). Through the use of Monte Carlo simulations, statistics can be generated
to check if these algorithms are “good enough,” but this may fail to identify pathological situations in which they
perform poorly or even fail, particularly when unrealistic assumptions are made concerning communications.

When we start to consider communication imperfections, it often makes sense to forgo optimality of the assign-
ment in favor of stability. That is, given asynchronous communications with delays and the resulting information
imbalances between agents, it is no longer trivial to assume an algorithm will accomplish its goal. Stability can be
defined in many ways. In the next paragraph we discuss this concept in terms of termination (i.e. guarantees that
an algorithm will eventually produce a feasible solution), but there are equally important definitions more along the
lines of traditional control theory. In [7], a group of agents must continually processes a set of reoccurring tasks,
S0 in this context it makes sense to show that their control law guarantees an upper bound on the longest time
any particular task will be ignored. In [8], a load balancing approach is used to divide a number of tasks between
agents. Here they prove that an equilibrium set (i.e. all agents balanced within a certain range) is exponentially
stable in the large. In this scenario, if the agents were capable of balancing perfectly, then this approach would also
result in an optimal solution; however, the discrete nature of the load means it can only be balanced to within a
fairly wide margin of error. In our work, we have attempted to find a middle ground between the two approaches
of optimality and stability; the algorithm we present cannot guarantee optimality due to the unavoidable effects of
communication delays, but does seek to minimize the harm done to performance and does so in a way that allows
us to analytically quantify a guaranteed performance level.

The problem we focus on in this paper is a variant of the assignment problem from the field of combinatorial
optimization. This problem formulation has received much attention in cooperative control studies because it models
the need to generate a suitable mapping between two finite sets subject to certain constraints, and many algorithms
of polynomial complexity exist to solve it [9], [10], [11]. In [12], the distributed sequential shortest augmenting path
is modified in a manner that allows the agents to cooperatively compute an optimal solution despite information

delays between agents and the dynamic arrival of additional tasks. The existing algorithms for the assignment



problem have also been used heuristically to deal with tasks that are highly coupled (i.e., the completion of certain
tasks must be preceded by the completion of another). In [6], multiple assignment problems with evolving subsets
of the agents and tasks are iteratively solved, thus allowing their algorithm to produce a multiple task tour solution
that simulations show to be close to optimal for their scenario. That work uses a centralized redundant approach
in which each agent solves the same problem independently and then implements its own portion of the resulting
assignment. It is therefore highly dependent on the agents starting from the same information in order to ensure
they all arrive at the same solution. This becomes problematic when communication delays are introduced; because
of changes in the problem that may occur during planning (i.e., vehicle movement), the final solution may no
longer be optimal or even feasible. In this work we seek to incorporate these changes in problem data directly
into a modification of the distributed auction algorithm of [9] for determining an optimal solution to the standard
assignment problem. To the best of our knowledge, this is the first time an assignment method has explicitly dealt
with a performance measure of a time-varying nature.

This paper is organized as follows. In Section Il we present some background on the assignment problem and the
asynchronous distributed auction algorithm of [9] in order to establish some notation for the paper. In Section Il we
define the specific problem to be solved and in Section IV develop a modification of the distributed auction to solve
it. We determine the conditions under which that algorithm is guaranteed to terminate and perform a worst case
analysis of the resulting solution. Section V contains simulation results demonstrating the practical performance of

the modified algorithm. Conclusions appear in Section VI.

Il. BACKGROUND

The standaréssignment problens one in which members of one set must be matched to members from another
distinct set on a one-to-one basis. By convention [11], the former set is usually referred to as th@essbo$
and the latter as the set objects An assignments a collection of pairings such that each person and each object
appears in at most one pair. An assignment is consideded it contains every member from the smaller of the
two sets (persons or objects) apalrtial otherwise. For each possible pairing between a person and an object, there
exits some scalar value that representstibrefitgained if that pair is a member of an assignment. The sum of
the benefits associated with each pair in an assignment is referred tocafldtgive benefit

The goal of an assignment problem is to find a full assignment that is optimal in that it maximizes the collective
benefit of the individual pairings (i.e., their sum). If the sizes of the person and object sets are the same (making it
so that every person and object must participate in any full assignment) we have a special case referred to as the
symmetric assignment problein this paper, we consider assymmetric assignment problemmere the number of
objects is greater than or equal to the number of persons, thus allowing for the possibility that some objects may
be excluded from a full assignment. We give a brief overview of the assignment problem in this section; for a more

thorough discussion see [11] or [10].



A. Primal and Dual Problems

Let A be the collection of all pairgi, j) denoting an allowable assignment between petsand objectj and
let a;; be the scalar benefit associated with that pair. If objestassigned to persoi then let a decision variable
x;; be equal to 1 (and equal to O otherwise). Since we wish to consider an asymmetric assignment with more
objects than persons, we introduce another decision variablevhich is equal to 1 if objecy is not assigned
to any person (in which case we say it is assigned sugersourcanstead). With this notation, the asymmetric

assignment problem between persons anch objects can be stated as the constrained optimization problem,

maximize Z Qi Tij (1)
(i,7)€A
subject to
Y wy=1Vie{l,...,m} 2)
{31G,5)eA}
S mytag=1Viefl,...,n} (3)
{il(i,5) €A}
Z Ts; =N — M, (4)
j=1
Tij,Tsj € {0, 1} (5)

Where (1) is the collective benefit and the constraints in (2)-(5) ensure that each person is assigned to one unique
object. This formulation is known as th@imal problem Due to the linear nature of the problem, it is possible to

form the dual problemgiven by (see [11]),
minimizez T + ij —(n—m)A
i=1 j=1

T +p; > ai;, Y(i,j)eA

/\Spj, Vj:{l,...,n}

subject to

wherem;, p;, and A, are Lagrange multipliers associated with each peis@ach objectj, and the supersource,
respectively. For convenience, tet= |7y, ..., m,] andp = [p1,...,p,]. The structure of the two problems dictates
that the decision variables;; are completely dependent upan p, and X. Therefore, once we have a solution to
the dual problem, we can easily reconstruct the solution to the primal problem as

Tij = arg wijifeli{fol71} (aij — T — pj)wij
The above result and indeed the motivation for forming the dual problem comes from existenceafiginentary
slacknesgCS) criteria [11]. This criteria allows us to determine whether a given assignment is the optimal solution,
and provides a guide for constructing such an assignment. Specifically, we use a relaxed critemaplementary
slacknesge—CS), that allows us to generate assignments that are suboptimal but whose collective benefit is within

a proscribed bound of the optimal solution. An assignrieig said to satisfyy—CS for the asymmetric assignment



problem if

mi+p; >a;—e V(i,j)eA (6)
T + Dj = i, v(i,j) €S (7)
p; < min  pg, Vj unassigned unde§ (8)

k assigned undef5

where (6) and (7) are often combined to yield

“mpi 2 jugslen pd —e V() eS ©)

with A(i) = {j|(i,5) € A}.
Theorem 1:[11] If a feasible full assignmen§ along with a specifier andp satisfiesc—CS, then the collective

benefit of S is within me of the optimal solution to the asymmetric assignment problem.

B. Auction Algorithm

The auction algorithm [11], [10] is a method of solving the assignment problem using elements from both the
primal and dual formulations that is motivated by an economic interpretation eft& condition. The variables
p andr are thought of as thprices and profits of the objects and persons, respectively. Th&S conditions are
then interpreted as stating that if persois assigned to object, then his profit is equal to the benefit he receives
from that object minus its price (7), and that objggbrovides persor more profit (within some tolerancg than
any other object (9).

The auction algorithm starts with an empty assignme(vhich trivially satisfiess—CS) and iteratively modifies
it by either adding new assignment pairs or replacing current ones while adjusting prices and profits in a manner
that maintains—CS. Thus, the size of is strictly hon-decreasing as the algorithm progresses, and when a full
assignment is reached it has the optimality guarantees of Theorem 1. The modification of the working assignment
takes place by having unassigned persons bid against each other for objects (or objects for persons), thereby raising
their prices (profits) much in the same way as a real auction. Bidding decisions are basddeswhich are the
differences between the benefits a bidder associates with objects (persons) and their prices (profits).

Although many variations of the auction algorithm exist, this paper will be concerned exclusively with the forward
auction algorithm in which persons bid for objects and prices are the only variable of comcand ¢ are not
directly altered and can easily be calculated from other information). Under mild restrictions this algorithm can be
used even in a distributed asynchronous manner to solve the asymmetric assignment problem in a finite period of
time [9]. The algorithm consists of two main operatiob&lding and assignmentwhich are described below.
Bidding: Let U be the (nonempty) set of persons unassigned under a partial assigimedtz C U be those
persons with a pending bid. Lpg- represent persoils most recent knowledge about the true price of objegt;.
To submit a bid, persone U — R takes the following steps:

1) Finds its preferred object; (the one that returns the best possible valyje

, = arg max {a;; — p’
Ji gjeA(i){ ij — D5}



v = iy o =)

as well as the value of the next best objegt
w; = max {aix — i}
k#j;
(if j; is the only object inA(i), let w; = —c0).
2) Calculates its bid for object; as

7
bl-ji:pjl+v¢fwi+e:aiji7wi+e

and communicates this information to objegt

Assignment: Let P(j) be the set of persons with bids pending for objgdince the last time it was reassigned

(if ever). If P(j) is not empty, then object takes the following steps to resolve the bidding:

1) Selects the persoi} from P(j) with the highest bidb;,;

1; = arg max b;;
! ieP()

bi i = Imax 171
7 ierG) Y

2) If b;,; > p; + ¢ then it setsp; := b;,;, updates the partial assignmesitby replacing the current person
assigned to it (if any) with persor,, and communicates this new information to all persons.
3) If b;,; < p; + € then all bids for objectj are cleared, no reassignment or price change is made, and it

communicates this information to all personsiiy).

From the description above, we can see that prices are strictly increasing and that once an object becomes assigned,
it remains assigned for the duration of the algorithm. Thus, if the initial prices of the objects are identically zero,
the e—CS condition of (8) will be automatically satisfied because the price of any assigned object must be at least
€.

It should be noted that “persanbids...” and “objectj assigns...” each refer to calculations done by a specific
processor. Which processor is responsible for performing the calculations for a specific person or object at a given
moment in time will depend on what makes the most sense considering the application. While there is a great deal
of flexibility, the need to ensure the integrity of the algorithm places some limitations on the methods we may use.
It is imperative that the previously mentioned restrictions are met, and, in a distributed processing environment, the
reliability of the communication network and of the processors themselves may be of concern. Therefore, there must
be protocols in place that ensure price information is (eventually) transmitted correctly to every processor. Also,
if one processor fails, then there must be some form of redundancy built into the system to ensure that another
processor will assume its responsibilities. However, adding such redundancy can create problems of its own. If
two processors with different knowledge about the current price of an object simultaneously make two different
assignments for that object, then there will be conflicting information in the system that must be resolved somehow.

Clearly, it is preferable to avoid this hazard by implementing a method ensuring that one and only one processor



may take action for a particular person or object at a time. That processor must also be guaranteed to have correct
information concerning that person or object (i.e., a person’s assignment or bidding status and an object’s true

price).

Ill. PROBLEM STATEMENT

In this work, we will consider a very specific case of the general task assignment problem in the context
of cooperative control. We assume that there aremobile agents of possibly different type that are initially
distributed in the environment. There atetasks . > m) at fixed locations, also of possibly differing type. An
agent is considered to have completed a task when it arrives there, where arrival can consist of more or less restrictive
conditions than mere collocation (e.g., a particular orientation or earliest arrival time are common specifications).
Agents are non-renewable resources in that they can perform one and only one task (e.g., a “kamikaze” attack by
an autonomous munition). Whether or not an agent has the capability to perform a specific task depends on both
its type and the type of that task. Upon completion of a task, each agent receives a benefit that depends on both its
type and the target’s type and is decremented by a linear function of the time of completion. Optimization for this
problem will mean maximizing the collective benefit received by the agents upon completianobfthe tasks,
with zero benefit received from the — m unfinished tasks.

Given the one-to-one nature of the above problem, if the location of initial positions of the agents and tasks
are known prior to deployment (i.e., the start of the scenario), then it clearly can be modeled as an asymmetric
assignment problem (see Section IlI) and solved accordingly. Consider, however, the case where the agents must
calculate an assignment “on-the-fly” because they lack complete knowledge of the situation prior to deployment. If
communications between the agents are subject to substantial delays and/or the agents’ available computing power
is limited, it could easily take a nontrivial length of time to arrive at an assignment, during which the benefits each

agent associates with each task have most likely changed.

A. Feasible and Optimal Vehicle Trajectories

Because the benefits for the assignment problem above are based on the time an agent arrives at a task, in order
to understand how those benefits change as the agents move, we must first consider the vehicle dynamics involved.
If we defines;(t) as a state vector containing all the information needed to represent an ajenparticular point
in time (i.e., physical coordinates plus possibly other pertinent data such as orientationy;(then> 0 denotes
the state space trajectory an agent follows as a function of time. A trajegtry¢ > 0 is feasibleso long as
its components satisfy the vehicle dynamics of the agent, which we will usually state in the form of a system of
differential equations and associated constraints.

We define the constamt; as a vector associated with tagkand representing the pertinent information describing
its location and arrival criteria. If the agents’ only concern is to reach the tasks (i.e. collocation) then there is
no need for this arrival criteria. In general, however, we allow for its inclusion in order to provide flexibility in

modeling more complex situations. For example, an agent might have to arrive at a task along a certain heading.



Alternatively, the agent may be allowed to perform the task from any of a number of different points defined in
relation to the nominal location of the task. Unless stated otherwise, we will assume that if @g@enéver reach

task in a finite length of time, then it can always do so (i.e., the 4eif pairs (i, j) denoting agent is capable

of completing taskj in the network flow model of Section Il is time invariant). Under this assumption, for each
agent: that can reach task there exists a time optimal trajectory from any poigf) to that task. Let us denote

that trajectory byo([s;(¢),d;] and its travel time by the metrir[s;(¢), d;]|. Since the tasks are stationary, by the
definition of optimality the travel time of the optimal trajectory to any task from a pgifit+ At), can be no less

than the difference between the travel time of the optimal trajectory to the same task and the elapsed time interval

At > 0. Using our notation,

with equality if and only ifo[s;(t + At), d;] is a subpath ob([s;(t),d;]. When that is the case, we will say that
agents is trackingtask j from ¢ to ¢ + At.
For this work we will require that for any feasible trajectory agéentight follow, the increase in the travel time

of the optimal trajectory to a given tagkcan be upper bounded as
ofsi(t + At), dj]| < |o[si(t),d;]| + W + VAt Vi, VAt >0 (1)

where the constantd” > 0 andV > —1 are identical for alk andj. An inequality of this form should be satisfied
for many situations with realistic vehicle dynamics (i.e., anywhere the differeriegt + At), d;]| — |o[s: (%), d;]]
has a bounded derivative and only limited discontinuities). Consider the following examples:
Pivoting Robot: An agent in a planar environment that can either move forward along its current heading or

pivot in place has a kinematic model given by

& = wdlu]cosh

. < v < Vnaz
gy = wvdu]sinf subject to:
. -1 < v < 1
0 = Wnat

wherev,, ., andw,,., are the maximum forward and radial velocities respectively, @nllis the Kronecker delta
function @¢[u] equals 1 ifu = 0 and O otherwise). Optimal trajectories for this type of vehicle consist of a pivot (of
up to half a revolution) to face the robot towards its target destination followed by forward travel at its maximum
velocity until it gets there. Therefore, the length of the optimal trajectory satisfies an inequality in the form of (11)
with V- =1 and W = “maz, |

Dubins Car: Uninhabited air vehicles (UAVS) are often modeled as agents in a planar environment that are
forced to move at a constant forward velocity and posses limited steering ability. This can be represented by the
kinematic model known as the Dubins Car [4], [13] given by

T = w.cosl

= w.sinf subjectto: —1<u<1 (12)

= WmaaU



wherewv, > 0 is the fixed forward velocity and,,., is the maximum radial velocity of which the vehicle is

capable while traveling at.. Optimal trajectories for this type of vehicle consist of movement along paths made

up of straight line segments or arcs of radids,;, = w:;w' If the arrival criteria for the tasks prescribe a specific
orientation, then the length of the optimal trajectory satisfies an inequality in the form of (11)lwithl and
W = % (see Appendix). While somewhat secondary to our main focus, that derivation demonstrates
the applicability of this work to an important class of vehicles and implies that the assumption of (11) is not
unreasonable. |

We note that different approaches to determining the @aif¥’) may, in some cases, produce values that are not
trivially different (i.e., one approach may produce a smallethan another, but at the expense of a largér. In
these instances, we have the freedom to choose the pair that gives the best results for the application. For example,
if we are concerned with large time intervals thie\¢ term will dominate (11), and we should select a pair with a
smallerV if possible. If, on the other hand, we know the time interval is small, we may want to chose a pair with
small . Of course, we can also combine the inequalities of the different pairs provided the resulting piecewise

linear bound is of some use.

B. Benefit Functions

Now that we have a method to characterize how the movement of agents affects their ability to reach the tasks,

we propose a motion-dependent formulation of the benefit received by afrem task,
aij(t) = Cij — B(t + |o[si(t), d;]|) (13)

where(C;; is a constant particular to the pairiig 7) (i.e., a function of the types of both the agent and the task),
B is constant across all such pairs and defines the relative importance of completing tasks quickly, and the quantity
t+|o[si(t),d;]| is the time of arrival of agentif it tracks task;j from time ¢ onward. (A more general formulation
replaces the constar? with valuesB;; for each agent/task pair and is considered in Section IV-C). We assume
that our algorithm starts at= 0, so this benefit function is equivalent to saying that each task has its nominal
benefitC;; discounted proportional to the time it takes for an agent to complete it. If the algorithm starts at some
time other thart = 0, each benefit functiom;;(¢t) can be scaled accordingly, but this is unnecessary since only
the relative benefit between tasks matters when finding the optimal assignment. If we want to take into account
that tasks have been waiting to be completed for varying amounts of time befer@ then we can incorporate
relative shifts into the appropriate values@yj;. Note that this seems to be the first time that solving an assignment
problem with time-varying benefits has been addressed.

With the benefit function defined above, using the inequalities in (10) and (11) we can place the following bounds

on a;;,

aij(t + At) < aij(t) V t>0, V 0<At< |0’[Si(t),dj]| (15)
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where equality is reached in (15) if and only if agefs tracking taskj from timet to time¢+ At. The qualification
in (15) stems from the fact that once an agent reaches a task, the benefit will start to decrease again if it does not
complete that task. If the agent continues to track the task and is able to remain at the task laggtipmyill
decrease at a rate éfAt. If it cannot stop and wait, the agent must follow a loop back to the task, aigl; &9
will drop by the length of that loop and then remains steady until the next time the agent reaches the task.

At this point let us denote, as the time a full assignment is reached a'pdis the time agent completes its
task. Since each agent will track its assigned task ftgmntil ¢, it is clear from (15) that the collective benefit of
the assignment &f, is the same as what the agents will receive when they complete their tasks. Equally obvious
from these two inequalities is that during the time the agents take to calculate and communicate in order to reach
their eventual assignment, the collective benefit of that assignment is degrading (except for the unlikely case where
every agent somehow happens to always track the task to which they will eventually be assigned). Given that fact,
we are motivated to develop an algorithm that controls the motion of the agents during the time iifteptah
a manner that seeks to reduce the degradation of the collective benefit. The modification of the traditional auction

algorithm proposed in the next section attempts to do just this.

IV. ASSIGNMENTALGORITHM AND RESULTS
A. Assumptions

In this section we will consider two sources of delay: one which arises from limited computing power and another
which comes from the communication network. For computational delays we assume that there exists a maximum
boundD.,;. on the time it takes to complete all the calculations associated with an iteration of the algorithm (i.e.,
the time from when an agent receives new information until the time it is ready to transmit the results based on that
information). If desired, this delay could be described in terms that were proportional to the size of the problem (i.e.,
the number of tasks). When considering communication delays, the specific network topology and protocols used
are unimportant so long as information transmitted by an agent is guaranteed to reach every other agent without
error and within a known maximum del&y.,,.... This delay could also be broken down into the sum of a value
representing the maximum transmission delay and a term proportional to the amount of data being sent. Given the
low computational complexity of the individual operations used in the auction algorithm and a desire to focus on
situations involving significant communication delays, we assume from this point othat< D .,mm and just
useD = Dy + Deomm a@s the maximum length of time it takes one agent to receive updated information from
another.

We will also assume that every agent knasysor an acceptable approximation thereof for all the tasks prior to
the start of the algorithm. In addition, it is important that the numbering scheme used to identify the targets has
been agreed upon as well, or that there exists a “natural” way of distinguishing targets (e.g., by their coordinates
if they lie far enough apart to avoid confusion). While this last assumption is not trivial, it is not the emphasis
of this work. Under these assumptions, we need only concern ourselves with information directly related to the

operation of the auction algorithm (i.e., bids, prices, and assignment updates). For prices in particular, the maximum
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information delayD and the fact that prices never decrease in a forward auction allows us to put the following

bounds on agents knowledge of the price of task,

p;(t) < p;(t) (16)

pi(t) > p;(t — D) 17)

with the implication that ifp; (t) = p;(t — D), then each agent is guaranteed to have perfect knowledge of'sask

price.

B. Motion Control for a Distributed Auction

In this section we propose a partially asynchronous algorithm that can be used to solve an assignment problem

with motion dependent benefits. This algorithm is a modification of the distributed asynchronous auction presented

in [9] that we summarized in Section II:

Starting with an empty partial assignmefitve add or replace agent/task pajfsj) based on competing bids

from the individual agents that are communicated across the network. This process terminates when every
agent has a task assignment.

Each unassigned agent calculates its own preferred task and transmits its associated bid using a procedure
identical to that of Section Il but with the exception that they will have to recalculate the bemgfits each

time. We require that each agent perform this process immediately upon learning that it is eligible to bid (i.e.,
after becoming unassigned, having its last bid rejected, or learning about an assignment update that makes its
pending bid obsolete).

Some agents will be designated to perform the assignment calculations for the tasks, with one and only one
agent responsible for each task at a time. We require that each agent performs this task immediately upon
receiving a bid, and that it immediately transmits the results (i.e., new price and assignment and/or bid rejection
messages).

The motion of the agents is controlled by two simple rules throughout the duration of the algorithm. If an
agent/task paifi, j) belongs to the partial assignmesit then agent tracks task;j. If an unassigned agent

has a bid pending for task then agent also tracks task.

In order to guarantee termination of the algorithm, we will require that the bidding increment used exceed a

certain threshold specified in terms of the problem’s parameters.

C. Assignment Algorithm Termination

Given this description of the algorithm, we will first show that it maintains an arbitai@S condition for the

partial assignmen$, and then prove that the algorithm terminates in finite time when the bidding increment meets

the stated criteria. All the proofs presented in this section are based on those found in [9] and [11] but have been

augmented to handle the time-varying benefit function in (13).
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Lemma 1:For an assignment that satisfiess—CS at timet, if every agent inS follows the time optimal
trajectory to its assigned target théhwill satisfy e—CS at timet + A¢ > ¢ when S is constant fromy to ¢ + At,
benefits are defined as in (13), and no agent reaches its assignmenttbefane

Proof: If a partial assignmen$ satisfiesc—CS (see Section Il) at timg then for each assignment pair we have

aij(t) —p;(t) > krg%){aik(t) —pr()} —€ V (i,j) €S

Consider the quantit}clmgg;){aik(t + At) —prp(t+ At)} — €,
cA(1

kfgjé){aik(f + At) —pr(t + At)} —e < klélgé){aik(f) —pr(t+At)} —e¢
< ik(t) — £l —
< kfggé){a k() —pr(t)} —e
< aiy(t) —py(t)

A5 (t + At) — Dy (t + At)

where the first line makes use of the the fact thatt + At) is upper bounded by;;(¢), the second uses the fact
that prices are strictly increasing (i.@4(t) < pr(t+ At)), the third uses the definition of the-CS condition, and
the last line follows from the stipulation that every agentSinracks its assigned task from timeo time ¢ + At
and the fact that the price of a task cannot change unless the assignment does. The resulting inequality shows that
¢—CS still holds at time: 4+ At for every agent-task pair continuously in the assignment ftdm¢ + At. |
Lemma 2:Providing that an agent tracks the minimum-time path to the task it is currently bidding on, the
proposed algorithm maintairs-CS for a partial assignmeist for all ¢ > 0 when benefits are defined as in (13).
Proof: Consider agent which has just submitted a bill;, for his preferred task at timet. Since agent is
working with possibly outdated price information, its preferred target satisfies
ai;(t) — p;(t) > krgggg){am(t) —Pk(t)} —€ ¥ (i,5) € A®)
whereb;;, is calculated to satisfy the above equatiomj(t) = b;;,. Since agent tracks taskj while its bid is
pending, then by logic analogous to that used in Lemma 1 and the fact that the auctioneer jokriagls its true
price, thee—CS condition is guaranteed for pairs entering the partial assignment and thus the ov&3allof S
is maintained. O
Theorem 2:For a feasible asymmetric assignment problem where there exists at least one full assigjisonent
that every pair(i, j) in S agent: is capable of completing task if the benefitsa;;(¢) are defined as in (13) and
information transmission delays are boundedBythe proposed algorithm terminates in finite timgprovided
thate > 2DB(m — 1)(V + 1) and no agent reaches its preferred task befpré&urthermore, the final assignment
has a corresponding benefit that is withite of the optimal assignment given the configuration of the agents at
time ¢,.
Proof: We first assume that the algorithm does not terminate in a finite amount oft{iraed then prove the
theorem by contradiction. We do this in a manner similar to the termination proofs for the standard auction algorithm

that appear in [10] and [9]. To ensure that enough tasks receive bids to create a full assignment, it was sufficient
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in [10] and [9] to show that the value of each agent’s preferred task eventually fell below the benefit of some
unassigned task. We must, however, show that the value of the agent’s preferred task falls fast enough in order to
overcome the effects of potentially decreasing benefits.

If the algorithm does not terminate, it must be the case that at least one (but not necessarily the same) agent
is unassigned at all times. Therefore, it is also the case that some agents submit (and thus some tasks receive) an
infinite number of bids. This is ensured by the stipulation that unassigned agents must bid immediately if eligible
to do so and are guaranteed to receive confirmation or rejection within atdadsine units, after which time they
must bid again unless they were accepted into the assignment. If accepted into the assignment, they either displace
another agent (who must then bid) or add another agent/task pair to the assignment (which can only happen a finite
number of times if the algorithm does not terminate since the size of assignment is strictly non-decreasing).

Let us denote the subset of agents that bid indefinitely°@sand the subset of tasks that receive an infinite
number of bids ag>°. There must then be a sufficiently large time indexsuch that for all timg > ¢, bidding
is confined to/> and J°.

Consider an agent € I*° and the set of taskel(:) to which it may be assigned. Le§ be the time a task
from A(i) gets reassigned. If no other tasks frohfi) get reassigned beforg + D, then agent will have perfect
knowledge of the prices for those tasks. With such knowledge, agest make a bid for some task (i) that
will be accepted no latety + 2D. Therefore, at least one task froi(:) must receive a successful bid eve®
time units.

Given that information, examine the maximum value agemgsociates with tasks that are in botfi) and J>°,

vi(t) =  max  {ay(t) —p;(t)} (18)

JEA(E) | Je°
and note that aftet,,, the price of the task that achieves this value decreases by no less than the bidding increment
e every2D time units. Since the upper bound on the benefits in (15) tells usath@d cannot increase, and the
algorithm dictates that prices do not decrease, this meangtlegther decreases by at leastvery2D time units
or by some lesser amount if the value of the second best task is withfirthe value of the best task. The latter
can happen at mos¥ < m — 1 times (the number of tasks iA(:) () J°°) before the quantity;;(t) — p,(t) for
each taskj must be at least less than the original value of ef(¢), so we can over bound;(¢) with

wl) S e () = it} - | 55

JEA(®)  Jo° 2DN

where || is the floor operator (which takes the value of the largest integer less than its operand).—shqueis
a descending staircase function bounded from above by%t, we have

€

(1) < iy — _ _
wlt) < e {ag(te) = py(toe)} €= 5t~ 1)

Substitutinge = 2DB(m — 1)(V +1)6 whered > 1 (so thate satisfies the assumed bound) and noting fiiatan

be no greater tham — 1 or else at least as many tasks as there are agents would receive an infinite number of
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bids (in which case the algorithm would have terminated),
vi(t) < max  {ai;(te) = pi(tec)} +2DB(m = 1)(V +1)0
JEA(R) T
_2DB(m —1)(V +1)§
2D(m —1)

(t—tso)
Cancelling like terms and collecting the constants on the right gives us

vi(t) < =BV +1)(t—te)+ jeAI(Iil)aquoo {a;j(too) —Dj(tso)}

+2DB(m —1)(V + 1) (19)
which tells us that the value of the best object from the 4@t) (] .J°° can be bounded by a decreasing affine
function of time aftert.

Now, since the prices of tasksZ J°° stop changing after time,., using the lower bound for the change in a

benefit from (14), the valug; agent: associates with the best of those tasks is lower bounded by

wt) = max {oy(t) - p(0)}

> m]ax{aij(too) —~BW + (V+1)(t —tw)) — pj(teo)}

= =BV A+ 1)(t — to) + | max{ay (o) = py(tec)} = BW (20)

which is also a decreasing affine function of time aftgr Since the slope of the line described in (19) is less
than the slope of the one described in (20), some jagkJ> must eventually become the best value for each
agenti € I at some time > t,,. Since these tasks never receive a bid afterit must be the case that none

of these tasks are id (i) for any agent in/>°, implying that A(i) C J> Vi € I*° and|J,c;» A(i) = J>. In a
forward auction, once tasks are assigned they remain assigned, so after a finite length of time, everytask in
will be assigned to some agent froff°. Since there will still be some agent froM° bidding, there must be more
agents in/*>° than tasks in/*°, contradicting the assumption that a feasible solution exists. Since the algorithm
terminates, the final assignment has a collective benefit withirof the maximum possible (with respect to the

configuration of the agents at the time of termination) given the results of Lemmas 1 and 2 and Theorém 1.

Here we note a few important things concerning the previous theorem. First, it should be clear that in the more
general formulation with valueB;; for each agent-task pair instead of a single common vAluthe validity of the
proof is maintained by simply replacing with max; ; B;;. Secondly, the assumption that no agent reaches a task
it is tracking prior to the termination of the algorithm is virtually impossible to guarantee for cases in which the
communication delay between agents is large in relation to their speed. Thirdly, the value required for the bidding
incremente tends to be extremely large, and in practice (see Section V) forces the auction to conclude quickly and
with poor results (particularly for a large number of agents since the sub-optimality becimtreases quadratically
with m). The reasort must be so large is that Theorem 2 requires an analysis of the worst case scenario. In this
scenario, the agents are all bidding (and moving towards) a group-ofl tasks that lie directly in front of them

while moving directly away from the remaining tasks. The benefits of the first group only decrease when their
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prices rise, while the benefits of the latter continually decrease as the agents move away from them at the fastest
possible rate.

For these reasons we would like to guarantee the termination of algorithm under less restrictive conditions. The
inequalities of (14) and (15) were based on the assumption that an agent’s trajectory could lead anywhere so long as
it was feasible. Considering instead a case where the agent’s movement is restricted to a subset of the environment
that includes all the tasks. Then for most situations the length of the optimal trajectory from an agent to a task

should satisfy
0<|ofsi(t),dj]| <X Vt>0,Vi,j (21)
for some positive scalak’. Thus the associated benefit of that pair satisfies
Ciyj — BX — Bt < a;;(t) < Cij — Bt ¥Yt>0,Yi,j (22)

Theorem 3:If the motion of the agents is restricted in such a way that the inequality in (22) holds, then the
auction algorithm terminates for ary> 0.

Proof: Without loss of generality, assume that no tasks are completed before a full assignment is reached. If they
are handled correctly (see the next section), then an early task completion simply changes the assignment problem
to another with one less agent and task.

In Theorem 2 we have already established that the price of every task in a partial assignment decreases by at
leaste every2D(m — 1) time units. Then for some agentthe value it associates with its preferred task from the

current partial assignmerst(¢)

vi(t) = o {ai;(t) —pi(t)}

is upper bounded by

v;(t) < max {C;; — Bt —p;(t)} < —Bt — min p;(¢) + maxC;;
(1) < max {Cyy = Bt =p, (1) i p3(t) + max

whereas the valug;(t) that agent associates with an arbitrary task notSii¢) can be bounded from below by
EZ'(t) Z —Bt + min C” — BX
J

Since the price ternmin;c g, p;(t) — oo ast — oo if a full assignment is not reached, it is clear that after some
finite time period,v;(¢) will fall below 7,(¢) and some task will be added to the assignment. This process must

repeat until the assignment is full, therefore causing the algorithm to terminate in finite time. |

Note that the condition stated in (21) can be satisfied by a number of simple motion control schemes, including
those laid out in Section IV-B. In this case, however, we loose the optimality bounds guaranteed from maintaining
ane—CS condition since Lemmas 1 and 2 do not hold when an agent can reach a task prior to termination. As we
will see in Section V, the choice of the bidding incrementill have a large effect on the practical performance
of the algorithm as it will determine the trade off between the advantage of acting quickly (to prevent too much
degradation in collective benefit) and the advantage of optimizing the assignment with respect to the benefits at the

time of termination.
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D. Optimality Bounds

In this section we derive worst case bounds for the collective benefit received from the assignment reached at
time t,. Since we know that the collective benefit of any assignment will degrade as a function of the time it
takes to achieve a full assignment, we start by considering a worst case boupdFor the algorithm outlined
in Section IV-B, we can use the intersection of the lines described in (19) and (20) as a guide for determining this
value. Consider then'” task to enter the assignment and#gtoe the time that one of the agents bids for it (since
all agents will be tracking their final assignment from that time forward). The vaftieof the final task to any

agent is lower bounded by

o(t) > mina;;(0) — B(W + (V + 1)t)

2,

and the value any of the agents places on any object already in the assignment must be upper bounded by

v(t) < maxa;;(0) —dB(V + 1)t + €
i

with ¢, given as the intersection of the two lines defined by the right hand sides of the previous two equations
because after that point, some unassigned task must be the preferred task for all agents (one of which must enter
a bid). For the algorithm with motion control, the termination timetherefore can be bounded from above as

max a;;(0) — mina;;(0) + BW + ¢
e—2DB(V +1)(m—1)

For comparison, we state a similar bound for the termination of a distributed auction with fixed benefits (the benefits

te <2D(m —1) (23)

“frozen” at their initial values) adapted from the results of [14] and [15]. In this case the termination time is bounded

from above by

t < 2D(m — 1) <maxal-j(0) — min a;;(0) n 1)

(24)
€
where it is apparent that the worst case termination time for an auction performed with static benefits is always
better than that of one in which the current values of benefits are used (given the:)sambat said, a worst
case collective benefit based solely on termination time and the related possible change in benefit given by (14)
will always favor a fixed-benefit distributed auction [9]. We can, however, take another approach to give us an
interesting result for the algorithm with motion control.

Let j; denote the final task assignment of agérand leti* denote the agent who made the final bid grd
the task receiving that bid. We are interested in finding a worst case lower bound for the collective benefit of that

assignment, i.e.,

m m

D i (ta) = aije(ta) + D aiji(ta) (25)
=1

i=1,iFi*
where we have separated the benefit of the last assignment for the purpose of analysis. The lower bound for the

benefit of this pair is given by the inequalities in (15) and (14) as

al—*j* (ta) 2 ai*j* (0) — BW — B(V -+ 1)ta (26)
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Before returning to the other half of (25) we note two facts concerning the task prices at the moment of termination.
First, the price of;* is still equal to zero (it has received a bid, but that does not become its real price until the
auctioneer responsible fgr makes the assignment). Second, since we are guaranteed to have a price increase of
at leaste every2D time units, the sum of the prices of the other tasks must satisfy

- , > ta > ta 27

3 mlnze AR (@)

where [-] is the ceiling operator. Now consider the benefit terms under the sum on the right hand side of (25).
Since the algorithm maintains anCS condition for all assignments, we know that for each i* the benefit of

an agent’s assigned task and the price of that task satisfy the following inequality
aijs(ta) =pji(ta) 2 max{air(ta) —prta)} —e
> - (ta) — €
Z Qg% (0) — BW — B(V + 1)ta — € (28)

where we have used the fact that the(¢,) = 0 and the lower bound on the possible change in benefit. Returning

to the sum on the right hand side of (25)

m m
Do oanta) = Y (e ta) —pilta) + 15, (1)
i=1,i#i* i=1,i#i*
m m
= (al]i (ta) — Py (ta)) + Z by, (tll)
i=1,i#i* i=1,i#i*

\V;
S
5

.(0) = [BW + B(V + 1)t + e])

+ Pj; (ta) (29)

i=1,i#i*

which allows us to start to determine a bound on the collective benefit obtained through the algorithm

> i (ta) = aij(0) = BW = B(V+1)ta+ Y pj,(ta)
i=1 i=1,i#£i*

+ Y (a,»j,(()) —[BW + B(V + 1)t, + e])

For convenience we let = min; ; a;;(0) and@ = max; ; a;;(0), and letA* denote the optimal collective benefit

at timet¢ = 0. Taking the minimum value for the benefit terms, the previous equation becomes

> aij,(ta) = ma— (m—1)e —=mBW — B(V + 1)t,
i=1

—B(V+1)(m—Dta+ Y pj(ta)
i=1,i#i
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Using the lower bound for the sum of prices in (27) and the fact #fak ma

Z a;j,(ty) > A*—m(a—a)— (m—1)e — mBW
=1
—B(V + 1)ty — B(V +1)(m — 1)t, + et
and rewritinge in the last term as the produé2DB(V + 1)(m — 1), whered > 1 if the termination criteria of

Theorem 2 is met, ant < § < 1 otherwise.
D ai(ta) > A" —m(@-—a)— (m—1)e—mBW — B(V + 1)t,
=1

—B(V+1)(m—1)t,+6B(V+1)(m—1)t,

= A*—m(a—a) — (m—1)e — mBW
(30)
—1=0-1)(m-1)]B(V+1)t,
The bound in (30) is linear in terms of the termination timewhich allows us to easily find its minimum on
the interval]0, max{¢, }] by substituting the value fomax{¢,} from (23) if (§ — 1)(m — 1) < 1 or simply taking
the value of the first four terms if otherwise. Since the bound provided in the latter case is extremely poor, we note
that since the final assignment arrived at by the algorithm is guaranteed to be withifi the optimal solution
at t, combined with the maximum possible degradation of the optimal solution given the bounds on the change in

benefits, we have a second lower bound given by
D aij(ta) = A —m(BW + B(V + 1)t,) — me (31)
i=1

then the worst case benefit in the case wh@re- 1)(m — 1) > 1 is given by the value of (30) and (31) at
their intersection. Note that this value can be optimized by varyibgt, as simulations will show, the practical
performance of the algorithm in most cases is significantly better than its worst case performance, so it will make
little sense to optimize in this fashion.

As an example, we compare the worst case performance of the algorithm and a fixed-benefit distributed auction
for the Dubins car model. For a generic situation involving this model, the best worst case bound for the latter
algorithm is achieved by having the agents circle (loiter) until the auction is complete and is given by

E aij,(ta) > A" —mB ( T + ta) —me (32)
: Ve
i=1

For a given set of problem parameters £ 10, @ — a = 100, B = 1, R /v. = 0.1) and with$ set tol + ﬁ

(see preceding discussion) we plot the worst case bound as a function of termination time for both the algorithm

a—
€

with motion control and the fixed-benefit distributed auction over the intérval to t = 2D(m—1)*=2 (the upper
bound of the termination time of the fixed-benefit distributed auction). The left plot in Figure 1, for a maximum
delay of D = 1, clearly shows that the worst case performance of the fixed-benefit distributed auction (given by

the minimum of the dashed line) is better than that of the algorithm with motion control. The right plot shows the
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same case for a maximum delay bf = 10; the worst case bound of both algorithms has decreased, but that of

the fixed-benefit distributed auction has now fallen below that of the one with motion control.

Maximum delay of 1 sec Maximum delay of 10 sec

1000 T T 4500 T T T

1200 b

1400 b 5000 b
o
L 1600 B
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[
Qo
2
£ 2000 - 1
2
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4
g 2400 | g

2600 g 6500 4

—— motion control algorithm
2800 - loiter and solve
3000 . : : 7000 . : . :
0 20 40 60 0 50 100 150 200
termination time (sec) termination time (sec)

Fig. 1. Worst case comparison between algorithms.

E. Early Task Completion

The preceding analysis was all based on the assumption in Theorem 2 that no agent reaches a task prior to
the termination of the algorithm. Since this is difficult (if not impossible) to guarantee in many situations, we are
curious about how much the maximum possible benefit can degrade if we let agents complete a task prior to the
termination of the algorithm. Intuition tells us that for cases where the benefits are highly dependent on the time
of task completion (i.e.B large relative tomax; ; C;; — min, ; C;;) there is more to gain from completing a task
early than waiting for the algorithm to arrive at a full assignment. For a potentially large class of vehicle models,
this turns out to be the case.

Theorem 4:Consider the configuration of agents and tasks at a specific instant in time. If

1) The vectors describing the position of the agents { € {1,...,m}) and those describing the position of

the tasks {;, j = {1,...,n}) all belong to the same state spatg
2) The optimal trajectory distance functiga| : M x M — Ry, satisfies|o[s;,d;]| = |o[si,d; /]| whenever
s; = sy andd; = d;, and

3) There exists an ageiit and a taskj* that are collocated (i.es;» = d;~),

then the minimum possible total travel time of a one-to-one assignment between agents and tasks is achieved by

an assignment containing the péir, j*).
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Proof: Let A be the minimum possible total travel time for a configuration of agents and tasks where there exists
agent:* and taskj* such thats; = d;«. Let .S be an assignment that achieves that minimum. Likewisedfebe
the minimum possible total travel time for the same configuration $&hdn assignment that achieves it under the
constraint thai(¢*, j*) € S*. SinceS is a less restricted assignment théih it follows that A < A*.

Assume (i*, j*) ¢ S (if (i*,j*) € S, the hypothesis is trivial). Let’ be the agent assigned g and j’
the task assigned t&* underS. For convenience, define the subsetSthat contains these assignment pairs as

S ={(@*,7"), (@, 5*)}. Now, using the optimal trajectory distance function we can state the vhlas

A= Y lobsids)

(¢,7)€S8

= Jolsi,djs]l +lolsidp]l + > lolsi djl|
(i,j)€S—=S"

= Jolsi,dju]| +loldj dp]l + D olsi dj|
(i,j)€S—5"

> olso,dp]l+ Y lolsidjl|

(i,5)€S—5"

= lofsi,dp]| +lolsi i)+ Y olsidj]]
(i,7)€S—S"

> AF

where we use the assumption that = d;- and the fact that the optimal trajectory distance function must satisfy
both the triangle inequality an@r[z, z]| = 0. The final inequality follows from the fact that the prior sum is the
total travel time of an assignment that includes the gair, d;-), which, by definition, is lower bounded hy*.
Thus A < A* < A = A* = A, proving that the constrained assignment achieves the optimal value. |

The above theorem demonstrates that letting an agent complete a task early cannot degrade the maximum
achievable benefit in problems whe€g; = 0 V ¢,5 (or whenC;; = Ci; V 4,7,k in symmetric assignment
problems) provided that agents and tasks are defined as points in the same space and the optimal trajectory distance
function has the stated properties. Note that if the speed and turning radius of each agent is identical, the Dubins
Car model satisfies these criteria. The pivoting robot model, on the other hand, does not meet the first assumption
of Theorem 4 except in the case wherg,, = .

Note that in the more general situation where the fixed portion of the benefit €mearies widely among
agents, the early completion of a tagkby agenti* has the potential to be much more detrimental to the maximum
possible benefit. Also, if agents are allowed to complete tasks early, it is important that no other agents waste their
resources on the same task. Unless the agents have the ability to sense the status of a task before committing
themselves, they must have a mechanism to avoid possible duplication. One manner of accomplishing this is to
have auctioneer responsibility for a task fall on the last agent to which that task was assigned (with responsibility

for an unassigned task remaining with the agent at which it started).
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V. SIMULATIONS

In this section we present results from simulations using the modified auction algorithm from Section IV and
agents with vehicle dynamics described by a Dubins car model. We do not attempt to characterize the algorithm’s
behavior in terms of all the salient parameters since there are a large number of them, many of which are
interdependent (i.e., vehicle dynamics, communication methodology, number of agent/tasks, initial configurations,
benefit range, weighting of benefit terms, etc.). Instead, we have selected a few scenarios that best illustrate the
more important aspects of the problem. All simulations with the exception of the last one used 10 agents, since
simulation time quickly became prohibitive with more, and 10 tasks since assignment problems are generally more
difficult to solve when agents do not have the option of ignoring some tasks. In the cases where we compare the
algorithm of Section IV to the fixed-benefit distributed auction, we sought to use an implementation of the latter

that was proper for the scenario involved.

A. Effects of Delays

As previously discussed, the presence of communication delays will generally lengthen the time it takes the
agents to reach an assignment regardless of the algorithm employed. The associated delay in getting the agents to
the tasks will therefore have a detrimental impact on the collective benefit that is achieved. In order to assess the
effects of communication delays, we simulated a situation in which the tasks are randomly distributed over one area
and the agents over another area some distance away from the first (with agents initially headed towards the general
area of the targets). See Figure 2 for an example of this configuration. For this scenario, the agents were given a
speed of 100 m/s and a turning radius of 1000 m. The static benefit of the task ranged from 0 to 100 and the time
dependent term entered at a rate of 1/sec which put the static and the initial time dependent terms of the benefit
equations on roughly the same scale for this setup. A bidding increment of 25 was chosen as a value that ensured
the algorithms terminated prior to an agent reaching a task most of the time. Early completion of tasks was allowed
under the method of trading auctioneer duty discussed in Section IV-E. Random but bounded communication delays
were simulated using a uniform distribution over a specified range. The maximum communication delay was varied
from 0.5 sec to 10 sec for one case in which the minimum delay was zero and another in which the minimum
delay was 80% of the maximum.

Figures 3 and 4 clearly show how the average benefit decreases with increased delay for both the algorithm with
motion control and a fixed-benefit distributed auction in which the agents move along their initial heading towards
the tasks until a full assignment is reached (labeled “solved while cruising” in the figures). They also demonstrate
that the motion control algorithm tends to achieve a better collective benefit in comparison to the fixed-benefit
distributed auction. This is particularly the case when the average delay is high, as shown in Figure 4. With large
delay, the average benefit achieved with the fixed-benefit auction falls below even that of the average random
assignment. We note here that the error bars on all the figures in this section are based on the standard deviation of

the estimate of the mean (i.e.,= S/v/k whereS? is the sample variance aridthe number of simulation runs).
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Fig. 2. Example of scenario for investigating effects of delays. Rectangles and planes denote tasks and agents respectively.
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Fig. 3. Comparison of algorithms when delay is uniform[onD].

B. Effects of Bidding Increment

As discussed in Section IV-C, in most situations it is virtually impossible to guarantee the assumption of Theorem
2 that no agent will reach a task before termination of the algorithm. On the other hand, the bidding increment

specified in that theorem is often so large as to effectively eliminate the optimization process of the auction (i.e.,
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Fig. 4. Comparison of algorithms when delay is uniform[68D, D].

the first bid a task receives will raise its price so high that it is unlikely to receive another bid). In order to study
the effects of varying the bid increment, a scenario similar to that in Figure 2 was used. The area covered was
approximately twice as large and the agents’ speed was increased to 300 m/s while its turning radius decreased to
500 m. These changes reduced the variance of the simulations, allowing us to highlight the effect of small changes
in the bidding increment without having to run an excessive number of trials.

As Figure 5 shows, the best average performance of the algorithm for a given delay lies at a certain value of the
bidding increment. As the bidding increment decreases from that value, the average benefit falls off steeply since
it takes more time to reach an assignment. As the bidding increment increases from that value, the average benefit
decreases as the algorithm is not attempting to achieve as much optimization. As is apparent from Figure 5, the
optimal bidding increment also tends to decrease as the communication delay decreases. The balance between the
competing goals of acting quickly and optimizing the assignment according to the current benefits is determined
by the size of the bidding increment; a large value emphasizes the former and a small value the latter. When the
communication delay decreases, the algorithm runs faster with respect to the changes in benefits, thereby tilting

that balance in favor of performing a better optimization.

C. Early Task Completions

In Theorem 4 we saw that letting an agent complete a task early cannot decrease the achievable collective benefit
in a total path minimization problem when a few simple properties hold for the length of the optimal trajectory
between two points. To illustrate this we simulated a total path minimization scenario for a configuration of agents

and tasks in which both are randomly distributed on a disc with radius twice the minimum turn radius of the
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Fig. 5. Average performance as a function of the bidding increment (delays uniforith&h, D]).

vehicles (see Figure 6). For this simulation the speed of the agents was 100 m/s and their turning radius 1000 m.
The bidding increment was kept constant at 25 and the maximum communication delay again varied from 0.5 sec
to 10 sec. One simulation was run in which agents where allowed to complete tasks early, and another in which
they were forced to circle back to the task until the algorithm terminated (or their preferred task changed). Both
cases were compared to a fixed-benefit distributed auction based on initial benefits in which the agents moved on
a circle passing through their initial position (they “loiter”) until the auction was complete.

The results appear in Figure 7. As expected, the motion control algorithm in which agents were allowed to
complete tasks early performed much better than both of the other algorithms and is the only algorithm whose
performance stays above that of a random assignment for the given vallde§ bé performance of the two motion
control algorithms starts close together, but quickly diverges as communication delays increase. This is expected
since the close proximity of agents and tasks will result in more and more agents having to pass tasks as the time
it takes to reach an assignment increases. In fact, as the delays increase, the performance of the motion control

algorithm without early task completions starts to resemble that of the fixed-benefit distributed auction.

D. Distributed vs. Centralized Computation

Given that the number of agents and tasks involved in many of these problems is relatively small, solving the
associated assignment problem on a single processor can take considerably less time than implementing a distributed
auction that is prone to protracted “price wars” (i.e., agents making small incremental bids for a few tasks and
incurring a communication delay with each bid and assignment). In order for the motion control algorithm to be

practical, it would have to be the case that the benefits of its parallel computation exceeded the communication
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Fig. 6. Example of total path minimization problem.
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penalty associated with the bidding process. If we are given a communication network over which all the problem
data could be efficiently sent to every agent and the assignment problem solved redundantly, it would be hard to
justify using a distributed methodology. However, as an example of when the algorithm of Section IV-B may prove
more effective, consider the case where communications are limited by bandwidth. In a scenario where the structure
of the benefits tends to result in the modified auction taking only a few iterations, then that algorithm might tend
to terminate faster (and produce a higher collective benefit) than it takes for the agents to transmit all the problem

data to each other.
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The total path minimization problem is just such a scenario; if the agents and tasks are distributed in the same
manner across a wide area, most agents will wind up assigned to the task to which they are closest initially. For
this simulation, we used a time division multiplex (TDM) scheme for the communication network, with the time
slot allocated to each agent the size of a distributed auction message, denGtedamspproximate the time it
would take to transmit all the problem data to the agents, we roughly estimate the time required for a single field
to be %T since an auction message has four fields (i.e., task, agent, bid/price, and a time stamp). Then in order to
synchronize their data each agent would have to send a messagerofields (time stamp, agent, and its benefit
for each ofn tasks) if the tasks can be placed in a known orde2 er2n fields otherwise. Then transmitting the
entire problem data for every agent would requ&fﬁm@ +n) in the first case (scheme 1) aljd“m(2 +2n) in
the second (scheme 2).

For this simulation we distributed the agents and tasks randomly over a 20 km square, with the speed and turning
radius of the agents again at 100 m/s and 1000 m respectively. In both “synchronized schemes,” the agents move
towards their closest initial task while they wait to collect all the benefit data. Once that is complete, they proceeded
towards their assignment from the optimal solution. The results appear in Figure 8 and clearly show that there are
crossover points at which the average performance of the distributed auction with motion control becomes greater
than that of the two synchronized schemes as the bandwidth of the communication network decreases. Hence,
we can conclude that with a poor quality communication network the distributed auction with motion control can
outperform a centralized algorithm. We note that the performance of the synchronized schemes appears to degrade
linearly with decreasing bandwidth (with slopes roughly proportional to their synchronization time), while the
performance of the motion control algorithm becomes decidedly nonlinear for low bandwidth values in such a way
that cannot be attributed to the variance of the simulation data. While we do not have a proper explanation for this
phenomenon, we assume it is the effect of some interaction between the switching behavior of the motion control
algorithm, the synchronicity imposed by TDM communication, and the geometry of the task scenario. The practical
advantages of the motion control algorithm in this scenario are even more evident (and without when the number
of tasks is large relative to the number of agents (see Figure 9). The additional tasks do not generally make these
small assignment problems more difficult to solve (since we can still assume calculation times are negligible), but
the communication requirements of the synchronized schemes quickly cause their performance to degrade as the

available bandwidth shrinks.

VI. CONCLUSIONS

In this work we have sought to address an assignment problem between mobile agents and stationary tasks
where the benefits (and hence the optimal assignment quality) have the potential to decrease during the time used
to calculate a solution. We presented a modification of the distributed auction algorithm of [9] that controls the
motion of the agents during the algorithm’s progress in an attempt to minimize that loss of benefit. We showed
that this algorithm is guaranteed to terminate in finite time at an assignment that is within a known bound of the

optimal solution under one set of assumptions, and simply guaranteed to terminate under less restrictive conditions.
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Simulations demonstrated that the motion controlled algorithm has an average performance superior to that of a

fixed-benefit distributed auction in many cases, and may even outperform a centralized approach in certain situations.
There are two key extensions of the studied problem that deserve further research. One of these is a multi-

assignment version in which agents are capable of completing more than one task. In this case, an agent’s trajectory

to a task (and the benefit it will receive from it) is directly related to the other tasks that agent must visit. Another
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case that presents similar problems is a version in which tasks are coupled to each other (i.e., certain tasks cannot be
completed before others). Here, the benefit an agent will receive from a task may depend on what other agents are
doing and when. In both these cases the non-linear coupling between tasks and benefits rules out algorithms, such
as the auction, that are designed for linear network flow models. Given that these problems often take a longer time

to solve, the concept of directing agents’ motion during that process would seem to be of even more importance.

APPENDIX

Many vehicles are forced to travel at (or within a narrow range of) a constant velocity while possessing only
limited steering ability for one reason or another. Cruising aircraft, for example, commonly achieve the greatest
fuel efficiency at a specific airspeed and can only turn so fast before they start losing altitude. The speed of an
automobile on a busy highway, on the other hand, is largely dictated by the flow of traffic with the driver unable
to execute too sharp a turn without losing control or rolling over. When motion is confined to a plane as it is in
these two cases, we can model the vehicle kinematically as what is known as the Dubins car [4] model consisting
of the system of non-linear differential equations and control input constraints given in (12)

Let us define the state vector of this systemsas [z,y,6] . We then denote a trajectory in this state space as
s(t),t > 0 and a particular point on such a trajectorysés. We say that a particular trajectosyt), t > 0 is feasible
if there exists a control input(t),t > 0 satisfying the constraint:(¢)| < 1, such thats(¢),¢ > 0 is a solution to
the system in (12). Let us denote the projectiors@f,¢ > 0 into the zy-plane as the parameterized curyg,(t).

For all feasible trajectories, the curgeg,(t) possesses the following properties: 1) the vehicle is always oriented

in the same direction as the tangentstg,(t), 2) the length of any segment of, (¢) is proportional to the time

taken to traverse it, so distance optimal paths are also time optimal, and 3) the magnitude of the trajectory’s radius
of curvature is bounded from below by the valRg,;, = v./wmaz-

In [4], Dubins showed that for this model the shortest feasible trajectory between two points (with initial and
final headings specified) must be constructed solely from straight line segments and arcs with radius of curvature
+R,..n-Moreover, optimal trajectories must belong to one of two classes of curves. The first class, d&BGted
consists of curves beginning with an arc of radis;,,, followed by a straight line segment, followed by another
arc of radiusR,,,;,, (where the turn direction of each arc is not restricted). The second class, d@@@donsists
of curves comprised of three arcs of radilds,;,, (and alternating turn direction) in succession. Figure 10 provides
an example trajectory of each type, illustrating their relationship to the the vehicle’s turn circles (the two circles of
radius R,,;,, tangent to the vehicle’s path) at the initial and final positions. Obviously, trajectories of theG@ghes
CS SC C, andS are simply subpaths of trajectories from the two main classes.

From this point on, we will assume thatt),t > 0 is a feasible but otherwise arbitrary trajectory. At different
points s(t), the optimal trajectory to a fixed final destination and headirg [z4, y4, 04] Will vary. As before, we
denote the optimal trajectory between these two poinis[&g), d], and define the distance functidm|[s(t), d]| as
the travel time ofo[s(t), d] (since velocity is constantg[s(t),d]| is just the length ofr[s(t),d] divided by v.).

For the purposes of this work, we wish to find bounds|ef3(¢), d]| in the form of the following inequality,
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Fig. 10. Examples of the two classes of optimal trajectories (black and white arrows denote initial and final positions respectively).

lo[s(t + At),d]| — |o[s(t),d]| < VAt + W V¢, VAt >0 (A1)

There are multiple methods that could be used to find a bound of this form. One approach might be to find
an upper bound of- [o[s(t),d]| everywhere|o[s(t),d]| is continuous. We would then have a suitable value for
V provided we can find a value fdi large enough to account for the maximum cumulative effect of possible
discontinuities. Here, we instead take a geometric approach that establishes the maximum r&ngé foi]| at
an arbitrary point ors,, (¢t) and then uses this information to deduceand V.

Theorem A.1:For an arbitrary trajectory(t),¢ > 0 satisfying the feasibility conditions of (12)g[s(¢),d]|
satisfies the inequality of (A.1) with" =1 andW = %

Proof: Since the basic spatial relationship between a vehicle and a target destination is preserved by the operations
of translation and rotation, we can assume that the target destination is located at the origin and has heading pointing
along the positiver-axis (@ = [0,0,0] ") without any loss of generality. We first note that of the six trajectory types,

a LRL and/orRLR trajectory may not exist when the vehicle is far away from the target position. Simil:8H,
and/orRSL trajectories may not exist when the vehicle and target position are close. Trajectories bfStypad
RSR however, always exist for any,, (¢t) because of the geometry of their construction. Hence, we will focus on
finding an upper bound for the length of th&L and RSRtrajectories in terms of the point,, (¢) (i.e., letting

6(t) vary), which we can then use as a conservative boun@piit), d]|. The diagram in Figure 11 illustrates the
construction of these trajectories and the information we need to find this bound.

Consider the line segment3;,, @1, andR,,;», WhereDy, is the same length as the straight segment inLtBe
trajectory. Because they form a triangle, we have the inequality< Q1 + Rpin. But Qr, |[szy(t) — (0,0)||2,
andR,,;, also form a triangle, s@)r, < ||s4y(t) — (0,0)||2 + Rynin. ThereforeDy, < ||sz,(t) — (0,0)||2 + 2R in,

giving us an upper bound on the length of 1L trajectory’s middle segment (whei®; reaches this bound only
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Fig. 11. Construction oL SL and RSRtrajectories.

when the initial point lies on the negatiyeaxis with initial heading equal ta radians). By a similar argument,
the same bound exists for the middle segment ofRB&Rtrajectory.
Now we must account for the possible contribution of the arc segments to each trajectory length. This can easily
be bounded byrR,,;, (two arcs of maximum lengtBrR,,.;,, each), but we are motivated to find a tighter bound
in order to improve the final result of this proof. Consider the sum of the length in radians of all the arcs from

both theLSL and RSRtrajectories, which we denot@r. Using some elementary geometry we have

Cr = (m+¢r—0) mod2r+ (7 — ¢r) mod2x
Ar Az
+ (7 — ér +6) mod 27 + (7 + ¢r) mod 27
Am ARz

which can be rewritten using the definition of the modulus operatan@db = a — b| %], where|-| is the floor
operator) to demonstrate th& € {0, 27,4, 67} for all ¢, ¢r,0 € [0,27), so that the total length of the arc
segments in both trajectories is upper boundedoR, ;...

To formulate an upper bound fds[s(t), d]|, we can use the length of either th&L or RSRtrajectory. Since
they both always exist, we will always choose the one with the smaller total arc length. The length of the chosen
trajectory can be no more than the maximum length of the middle segifenit) — (0, 0)||2 + 2Rmin, plus half
the total combined arc length of the two trajectori®sR,,;, (if the arc length of the chosen trajectory exceeds this
amount, it would not be the minimum as we have established that the total arc length does not6exeges.
Thus we have
0,0)||2 + (24 37) Rpnin

Ve

o[s(t), )] < Lzl = A2)

To establish a conservative range fofs(t), d]| at the points,, (t), we will also need a lower bound. The length

of o[s(t), d] must obviously be at least equal to the straight line distance between thespgitit and the origin,
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so we have

— (0,0){l2

Ve

ols(t), ) = 15zs®) (A3)

We will need one more inequality before we are ready to prove the final result. We can see that by the triangle

inequality,
[Is2y (£ + At) = (0,0)[|2 < |52y () = (0,0)[|2 + [[say (t + At) = 52y (1)]]2 (A4)

but since the trajectory must be feasible, the path length betwggh) and s, (t + At) is fixed by the time
interval At. Accordingly, the straight line distance between the two points can be no morestharand (A.4)

becomes
|[s2y(t + At) = (0,0)][2 < [|82y(t) — (0,0)[|2 + veA (A.5)

We can now derive an inequality of the desired form. The increase betwé€n), d]| and|o[s(t + At), d]| can
be upper bounded by the difference between the largest possible vakig(of+ At), d]| and the smallest possible
value of|o[s(t),d]|. By first applying the bounds in (A.2) and (A.3), then using the triangle inequality of (A.5),

we can finally show that

|o[s(t + At),d]| — |o[s(t),d]] < max |o[s(t+ At),d]| — min |o[s(t),d]]|

s(t+At) s(t)
|82y (t + At) — (0,0)||2 + (2 + 37) Rinin
< o
_lsay(t) = (0,0)[|2
Ve
< Hszy (t) — (O, 0)”2 + UCAt + (2 + 37T)Rmin,
< o
_lsay(®) = (0,0)[|2
Ve
2 .
Ve
= |o[s(t+ At),d]| —|o[s(t),d]] < At + ZEDEmn g yAL > 0 (A.6)
which fits the desired form of (A.1) with’ = 1 and W = Z+3m0) Rmin O

Ve

The values for and W arrived at in above are not unique in the sense that we might be able to derive other,
equally valid pairg V, W) for the same vehicle model that are not trivially different. Although not proven, simulation
leads us to believe that we should be able to reddicéo possibly as little a§% if we are willing to accept

a three-fold increase iW.
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